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Avaliagcao de Algoritmos

Sucesso de Algoritmos

E medido por dois atributos: rapidez de obtencdo de uma solugdo e
sua qualidade.

Principios Gerais de Avaliacao Experimental

e Implementagao computacional: estrutura de dados e economia
de calculo.
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e Teste t-student, teste-F, chi-quadrado, analise de variancia,
estatistica ndo paramétrica.

e Métodos usam informagao de uma amostra da populacao.

e As duas classe principais de problemas de inferéncia estatistica
sao estimacao de parametros e teste de hipoteses.
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Amostragem Aleatéria

Definicao

As variaveis aleatorias Xi, Xo, . .., X, sao uma amostra aleatoria de
uma variavel aleatéria X desconhecida se sao independentes e tém a
mesma fungao densidade de probabilidade. A fungdo densidade de
probabilidade da amostra é

f(x1, X2, Xp) = f(x1)f(x2) - - - f(Xp).

Vinicius A. Armentano - FEEC - UNICAMP - 2014



Amostragem Aleatéria

Definicao

As variaveis aleatorias Xi, Xo, . .., X, sao uma amostra aleatoria de
uma variavel aleatéria X desconhecida se sao independentes e tém a
mesma fungao densidade de probabilidade. A fungdo densidade de
probabilidade da amostra é

f(x1, X2, Xp) = f(x1)f(x2) - - - f(Xp).

e Seja X uma variavel aleatéria com média x e variancia o?.

Definicao

Uma estatistica é uma variavel aleatoria que é fungao das variaveis
aleatorias correspondentes a uma amostra aleatoria.

Exemplo: Média e variancia da amostra aleatoria.
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Estimadores

e 0 : parametro desconhecido associado com a distribuicao de
probabilidade da variavel aleatéria X.

o Aestatistica ® = h(X;, Xz,..., X,) é uma variavel aleatéria
chamada estimador do ponto 6.

e Quando a amostra é selecionada, ® assume um valor § chamado
de estimativa de 6.
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chamada estimador do ponto 6.

e Quando a amostra é selecionada, ® assume um valor § chamado
de estimativa de 6.
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e 42 = estimativa da variancia o2 da variavel aleatéria X.
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Propriedades de Estimadores

Definicao

& é um estimador ndo tendencioso (unbiased) para o pardmetro 6 se

E©)=0

Vinicius A. Armentano - FEEC - UNICAMP - 2014 1



Propriedades de Estimadores
Definicao
& é um estimador ndo tendencioso (unbiased) para o pardmetro 6 se

E(©)=1¢
Se o estimador ndo é tendencioso, a diferenga
E©)-9¢

é chamada de tendéncia do estimador ©.
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Propriedades de Estimadores

Proposicao

_ n
i) A média amostral X = >~ X; € uma estimativa da média . = E[X] da
i=1
populacao:

n

X=E

S|

] — E(X) = %u = .
/:1

=
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Propriedades de Estimadores

Proposicao

_ n
i) A média amostral X = >~ X; € uma estimativa da média . = E[X] da
i=1
populacao:

X=E

S|

] — E(X) = %u = p
N

=

n _
i)y A variancia amostral S? = 1+ Z;(X,- — X)?
i=

é uma estimativa da variancia ¢ da populagéo.
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Propriedades de Estimadores

= F [i(x,-—)?)?

n—1 P

1 - 2 Y2 v, 1 - 2 Y2
= n_1E[Z(X,- + X —2xx,~)] _HE{EX, —nX

i=1

= nl ] {zn: E(X?) - nE()_(z)} .
i=1
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Propriedades de Estimadores

1 2 .
2= E X; — X)?
= e[S
1 n 1 n
_ 2, w2 Yyl — 2 w2
_n_1E{Z(x, + X —2X)(,)]_n_15{gx, nX]

i=1

= nl ] {zn: E(X?) - nE()_(z)} .
i=1

e Como E[X?] =42 +02 e E[X?]=(E[X])?+ Var(X)=p?+02/n

E(sh) = [Z(;ﬁ +0%) — (4 + 0?/n)
=1

1
= 1(nuz—i—naz —np? — 6%) = o2
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Conceito de Grau de Liberade

e A variancia S? de uma amostra aleatéria Xy, Xz, ..., X é

n _ n
(X=X Y d?

= i=1

32:I1 _
n—1 n—1
tal que
_ 1
X:EZ}’:‘
i=1
e o desvio B
ag=X—X
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Conceito de Grau de Liberade

e A variancia S? de uma amostra aleatéria Xy, Xz, ..., X é
n

_ n
(X=X Y d?
i=

82:i1 _
n—1 n—1
tal que
_ 1
X:*Z}’i
n“
i=1
e o desvio
ag=X—X
e Como

> d=0 (1)

e n — 1 desvios estdo "livres” para assumir qualquer valor, enquanto o n—ésimo desvio tem
que assumir um valor tal que (1) seja satisfeita.

e Diz-se que existem n — 1 graus de liberdade para a variancia amostral, que refletem os
n — 1 desvios "livres”.
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Propriedades de Média e Variancia

Transformacao Linear

Seja X uma variavel aleatéria com média E[X] e desvio padrao o.
Para a transformacao linear Y = X=EIXI

ox

E[Y] =0, var(Y)=1
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Propriedades de Média e Variancia

Transformacao Linear

Seja X uma variavel aleatéria com média E[X] e desvio padrao oy.

Para a transformacéo linear Y = X%i[x]

E[Y] =0, var(Y)=1

Variancia Expressa por Momentos
Seja X uma variavel aleatéria com média E[X] e variancia var(X).

var(X) = E[X?] — (E[X])?
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Funcao Geradora de Momentos

Definicao

Para uma dada variavel aleatéria X e um parametro s, a fungao
geradora de momentos é dada por Mx(s) = E[e%X].

e Para uma variavel aleatéria continua X com FDP fx(x)
My (s) = / e fy (X)dx

e Tomando a derivada com relagao a s dos dois lados
d

ZMx(s) = %/m eSXfX(x)dx:/ %e”fx(x)dx:/ X6y (x)ax

oo

—oo

e A troca entre derivada e integral pode ser feita sob certas condigoes (ver teorema
deLeibniz.

Vinicius A. Armentano - FEEC - UNICAMP - 2014



Funcao Geradora de Momentos

e Quandos=0 g .
e Mx(8)ls=0 = / xfx(x)dx = E[X]
S — 00

e Se diferenciarmos n vezes

dn [o'e)
S M(S)ls-0 = [  X(de = EX7]
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Funcao Geradora de Momentos

e Quandos=0

%Mx(sﬂs:o = /_o:o xfx(x)dx = E[X]

e Se diferenciarmos n vezes

dn [e'e}
(@)l = [ xh(x)a = E[X

Soma de Variaveis Independentes

Z=Xi+ -+ Xn

Mz(S) _ E[esZ] _ E[es(X1+---+Xn)] _ E[esX1 L ean]

= E[e¥] - E[e%"] = Mx, (s) - - - M, (s)
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Funcao de Densidade de Probabilidade Normal
Definicao

Uma variavel aleatoria continua X é chamada normal (Abraham de
Moivre, 1733) se tem a fun¢do de densidade de probabilidade (FDP)

1 (/202

oV 2r ’

em que . e o > 0 sdo parametros que caracterizam a FDP,

fx(x) =

e \eriqguemos que

(Xx—p) /20 dx = 1.
oV2r /
e Atransformagéo linear Y = (X — pu)/o faz com que E[Y] = 0 e var(Y) = 1, e resulta na
integral

oo 2
— eV /2y =1.
Var /_oo 4

Vinicius A. Armentano - FEEC - UNICAMP - 2014




Funcao de Densidade de Probabilidade Normal

(\/%/oc e,xz/zdx)z _ i/oo ,X/zdx/ooey/zdy
T J -0
- 2/ / — 0022 gy
vy
27 >
= — / e " /2rdrdg
0
= /Ooe*’z/zrdr
0
= / e Ydu
0

1

e A partir da mesma transformagéo linear, demonstra-se que se X é normal

E[X]=p, var(X)=o>
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Funcao Gamma
Definicao
A funcao gamma é motivada (Euler, 17297?) pelo problema de

encontrar uma curva suave que conecta os pontos (x, y) dados por

y = (x — 1)! em pontos inteiros positivos de x, isto é, a funcgao fatorial.
A fungdo gamma é dada por I'(«) =[5~ x*~ 1e Xdx.

Vinicius A. Armentano - FEEC - UNICAMP - 2014 20



Funcao Gamma
Definicao
A funcao gamma é motivada (Euler, 17297?) pelo problema de

encontrar uma curva suave que conecta os pontos (x, y) dados por

y = (x — 1)! em pontos inteiros positivos de x, isto é, a funcgao fatorial.
A fungdo gamma é dada por I'(«) =[5~ x*~ 1e Xdx.

e Para a > 1 e integragao por partes

o0
r(a):/ X1 d(e~¥)
0
— X (e / (—e~*)(a — 1)x*2 dx
:(a—1)/ X@ D=1 gy — (@ — )T ((a — 1))
0
e Paraa =1, [ e * = 1. Portanto,

re)=1-1,r@8)=2-1,r(4)=38-2-1, eporindugao, r(n) = (n—1)..

1
Resultado util : F(E) =7
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Funcao Gamma

o Demonstra-se que a integral I'(«) = [;° x*~ 1e~*dx diverge para
x <0.

e A funcao ﬁ definida no plano complexo estende a fungao
gamma com polosem 0,1,2,. ..

gamma function
------- asymptote
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Funcao Densidade de Probabilidade Gamma

Definicao

A FDP gamma com pardmetros « e 3 € dada por I («, 3) = X;a 1re ’; .
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Funcao Densidade de Probabilidade Gamma

Definicao

A FDP gamma com pardmetros « e 3 € dada por I («, 3) = X;a 1re ’; :

e Ao sefazera =1e =1, obtém-se a FDP exponencial.

e Para «a inteiro e positivo, a FDP gamma é chamada de FDP de
Erlang ou processo de Poisson com parametro .

e A distribuicao de Erlang é usada em sistemas de trafego de sinais
e em sistemas de filas com tempos de espera.
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Relagao entre Probabilidade Gamma e Processo de Poisson

Suponha que as chegadas seguem um processo de Poisson com parametro A. Qual é o tempo até a r—ésima chegada? Seja
Fr(t) = P(r—ésimachegada < t)

1—F(t) = z GO

= probabilidade que o tempo de ocorréncia da r—ésima chegada é maior que t.

= probabilidade que o nimero de chegadas no intervalo de tempo [0, {] € menor que r.

dO—Flt) _ |, [’*‘ 1
k=0

< S~ (0 } +Ae**’z (At

k=0 k=0 !

RSV B = IV | k—1
= e 3 !()\t) +Z(k_ (M)

t
- m(,\z)’*‘, t>0

Como desejamos d(FL;r(r)) , a funcéo densidade de probabilidade do tempo até a r-ésima chegada é

Ae— M
(r—1)

(™t t>o,

que é a fungédo densidade de probabilidade gama para r inteiro.
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Funcao Densidade de Probabilidade Gamma

Vinicius A. Armentano - FEEC - UNICAMP - 2014

Gamma distribution density

Na=1,p="1)
/ T(a=2,p=1)

// T(a=3,p=1)
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Funcao geradora de momentos da variavel aleatéria X ~ I'(«, 3)

Proposicao
Mx(s) = (1 _1ﬁ8>a, s<;
Demonstracao
My (s) = E[eX] = /O - esx%xa“ e=*/B gy
_ O°° rﬁz:)xaqeﬁ/(%)dx -5 f“s)a /0°° (Brz;;)“ xo—1=/(7253) gy

e = (ﬁ—S) - (1—ﬁ5) es< 5

Ses>1/8, 1 — Bs <0 e aintegral é infinita.
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Funcao Densidade de Probabilidade Chi-Quadrado

Esta distribuicao foi descrita pela primeira vez pela estatistico alemao Friedrich Robert Helmert

em artigos de 1875 e 1876, e independentemente redescoberta pela matematico inglés Karl
Pearson em 1900.

A distribuigao chi-quadrado é um caso especial da distribuicdo gama e é usada em:

e Qualidade da adequagao de uma distribuicao observada em relagcao a uma distribuicao
tedrica.
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em artigos de 1875 e 1876, e independentemente redescoberta pela matematico inglés Karl
Pearson em 1900.

A distribuigao chi-quadrado é um caso especial da distribuicdo gama e é usada em:

e Qualidade da adequagao de uma distribuicao observada em relagcao a uma distribuicao
tedrica.

e Confianga no intervalo de estimagao para o desvio padrao de uma distribuicao normal de
um desvio padrao experimental.
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Funcao Densidade de Probabilidade Chi-Quadrado

Esta distribuicao foi descrita pela primeira vez pela estatistico alemao Friedrich Robert Helmert

em artigos de 1875 e 1876, e independentemente redescoberta pela matematico inglés Karl
Pearson em 1900.

A distribuigao chi-quadrado é um caso especial da distribuicdo gama e é usada em:

e Qualidade da adequagao de uma distribuicao observada em relagcao a uma distribuicao
tedrica.

e Confianga no intervalo de estimagao para o desvio padrao de uma distribuicao normal de
um desvio padrao experimental.

e Uso em outros testes estatisticos, por exemplo, a anélise da varianga por ranks.
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Funcao Densidade de Probabilidade Chi-Quadrado

Teorema

SejaZ ~ N(0,1). Se X = Z2, entdo X tem a FDP chi-quadrado com 1
grau de liberdade, isto &, X ~ x2.

Demonstracao

1/2
PX <x)=PZ% <x)=P(—x""2<z<x"/?) = /X 12 120202
—X

1 1,
fz(z) = ﬁe 27
dFy(x)
() = — =
d /2

- ax /—x1/2 2(2)0z

1/2 _x1/2
_ 1 (X1/2) d();x ) — (7)(1/2) d( ; )
Teorema de Leibniz novamente.

o
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Funcao Densidade de Probabilidade Chi-Quadrado

Portanto,

21/2 1
a7 X Vzexp(—éx), sex>0

fx(x) =
0, se x <0

que corresponde a funcao densidade de probabilidade gamma com o« = % ep=2.
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Funcao Densidade de Probabilidade Chi-Quadrado

Teorema

Sejam Z,, 2, . . . , Z, varidveis aleatdrias independentes com Z; ~ N(0,1),i =1,2,...,n. Se
X = 27:1 Z,?, entdo X tem a FDP chi-quadrado com n graus de liberdade, isto &, X ~ x3.
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Funcao Densidade de Probabilidade Chi-Quadrado

Teorema

Sejam Z,, 2, . . . , Z, varidveis aleatdrias independentes com Z; ~ N(0,1),i =1,2,...,n. Se
X = 27:1 Z,?, entdo X tem a FDP chi-quadrado com n graus de liberdade, isto &, X ~ x3.

Demonstracao

Como Zy, 2, ..., Zs sao independentes, entao a funcao geradora de momentos de X é

Mx(s) = MZ12(s) X Mzzg(s) X -~~MZ§(S)

—n
Como Z? ~ x3, entdo Mx(s) = (1_123) .

e Esta é a fungéo geradora de momentos de I'( 3, 2), chamada distribuicéo chi-quadrado
com n graus de liberdade.
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Funcao Densidade de Probabilidade Chi-Quadrado

Teorema

Sejam Z,, 2, . . . , Zy varidveis aleatdrias independentes com Z; ~ N(u,0),i =1,2,...,n. Do
teorema anterior segue-se que se

Zi — _
X:Z( 1) entdo X ~ 2
= 7
1.0
0.8 —k=1 - -
—k=2
k=3
— k=4
0.6F s B E
04 - .
(1N 4 E
/ —
00 : =
0 2 4 6 8 8

Vinicius A. Armentano - FEEC - UNICAMP - 2014 30



Funcao Densidade de Probabilidade Chi-Quadrado

Teorema

Sejam Z,, 2, . . . , Zy varidveis aleatdrias independentes com Z; ~ N(u,0),i =1,2,...,n. Do
teorema anterior segue-se que se

Zi — _
X:Z( 1) entdo X ~ 2
= 7
1.0
0.8 —k=1 - -
—k=2
k=3
— k=4
0.6F s B E
04 - .
(1N 4 E
/ —
00 : =
0 2 4 6 8 8
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Soma de Variaveis Aleatorias Normais Independentes

Meta: descobrir a média e a variancia de uma amostra aleatéria
retirada de uma populagao normal.

Teorema

Se X1, Xo, ..., X, s@o variaveis aleatorias normais independentes com
médias 1, iz, . . ., un € varidncias o, 0%, ..., 02, entdo a combinagdo
linear

n
a= Z CiX;
i=1

tem distribuicdo normal

n n
N <Z Ciltj, Z C,-ZO',-Z) 5
i=1 i=1
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Demonstracao

Depende da prova (ndo trivial) que a funcao geradora de momentos
de variavel aleatéria normal X ~ N(u,0?) é

2.2
My (s) = exp <,uS + U;)

e, portanto,

(6= &7 [ <Z c,u,> +322 (Ii: c?a?)]
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Distribuicao da Média de uma Amostra Aleatéria de uma Populagdo Normal

Corolario

Se Xi, X, . .., Xn sdo observagoes de uma amostra aleatdria de tamanho n de uma populagao
N(p, o?), entédo a média

—_
3

)‘(:an,-

é normalmente distribuida com média 1 e variancia o2/, isto é, a probabilidade da média
amostrada é N(u, o®/n).
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Distribuicao da Média de uma Amostra Aleatéria de uma Populagdo Normal

Corolario

Se Xi, X, . .., Xn sdo observagoes de uma amostra aleatdria de tamanho n de uma populagao
N(p, o?), entédo a média

—_
3

RS =B %

é normalmente distribuida com média 1 e variancia o2/, isto é, a probabilidade da média
amostrada é N(u, o2 /n).

Demonstracao

Faga ¢; = 1/n, uj = pi, 02 = o no teorema anterior. Entao

Mg (s) = exp [s <,17 iu) + %2 <,:2 i‘#)} =exp [“s+ %2 (inz)}
: =

i=1
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Distribuicao da Variancia de uma Amostra Aleatéria de uma Populagdo Normal

Teorema
Suponha que

e Xy, Xo,...,Xn sd0 observagbes de uma amostra aleatdria de tamanho n de uma
populacdo N(u, o?).

_ n

o X = ‘5 > X; é a média amostral das n observagoes.

i=1

o S2=_1_

—1= 3" (X; — X)? é a varidncia amostral das n observagées.

o

1
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Distribuicao da Variancia de uma Amostra Aleatéria de uma Populagdo Normal

Teorema
Suponha que

e Xy, Xo,...,Xn sd0 observagbes de uma amostra aleatdria de tamanho n de uma
populacdo N(u, o?).

_ n
e X = ‘5 > X;i € a média amostral das n observagoes.
i=

o S2=_1_

—1= 3" (X; — X)? é a varidncia amostral das n observagées.

o

1

Entao

(1) X e 82 sdo independentes.

—1)s2 DL (X—X)?
(2) T3S = Znl=T y2(n—1).

Demonstracao

Nao trivial
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Distribuicao t-Student

Foi proposta pelo engenheiro aleméao Friedrich Robert Helmert e pelo matematico alemao Jacob
LUroth em 1876.

e Na literatura inglesa a distribuicao toma seu nome do artigo publicado em 1908 na revista
Biometrika por William Sealy Gosset sob o pseudénimo "Student”.

e Gosset trabalhava na Guinnes Brewery! que estava interessada em problemas de
amostras pequenas, por exemplo, as propriedades quimicas de cevada em que 0s

tamanhos das amostras podiam ser tao pequenas como 3.

e O artigo ficou conhecido pelo trabalho de Ronald A. Fisher, que cunhou distribuigao de
t—Student com referéncia ao valor de t (proveniente de teste).
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Distribuicao t-Student

Foi proposta pelo engenheiro aleméao Friedrich Robert Helmert e pelo matematico alemao Jacob
LUroth em 1876.

e Na literatura inglesa a distribuicao toma seu nome do artigo publicado em 1908 na revista
Biometrika por William Sealy Gosset sob o pseudénimo "Student”.

e Gosset trabalhava na Guinnes Brewery! que estava interessada em problemas de
amostras pequenas, por exemplo, as propriedades quimicas de cevada em que 0s
tamanhos das amostras podiam ser tao pequenas como 3.

e O artigo ficou conhecido pelo trabalho de Ronald A. Fisher, que cunhou distribuigao de
t—Student com referéncia ao valor de t (proveniente de teste).

e Esta distribuicao aparece na estimagao da média de uma populagdo normalmente
distribuida em situagdes em que o tamanho da amostra é pequeno e a variancia é

desconhecida.

e E usada em diversas andlises estatisticas, incluindo o teste de t-Student para avaliar a
significancia estatistica da diferenga entre as médias de duas amostras.
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Distribuicao de t-Student como Teste Estatistico
Definicao
Se Z ~ N(0,1) e U ~ x?(n) séo independentes, entdo a variavel aleatéria

V4
v U/n

tem uma distribuicao de Student com n graus de liberdade, e escreve-se T ~ t(n).

T=
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Distribuicao de t-Student como Teste Estatistico
Definicao

Se Z ~ N(0,1) e U ~ x?(n) séo independentes, entdo a variavel aleatéria

T_ z
VU/n
tem uma distribuigao de Student com n graus de liberdade, e escreve-se T ~ t(n).
e Dada uma amostra aleatoéria Xi, X, ..., X, de uma distribuicdo normal, sabemos que
X—p
Z = ~ N(0,1
o/ (0,1)
e <
n—1
g
e Além disso, Z e U sao independentes. Portanto, da definicdo da variavel T
X—p
T———ovn
/(n—(712)S2 /n—1

X—p

Tt
n—1-
Vinicius A. Armentano - FEEC - UNICAMP - 2014 S/\/ﬁ 36



Distribuicao t-Student
e Considere a fungao densidade de probabilidade
fx(x) = /Ooo fx o () fur (1) d

o fxy(x) € afuncéo densidade de probabilidade normal com média 0 e varianga (inversa)
desconhecida ) = 1.

i (X) = (%)1/2 exp (—%(x_ ,u)z)

e fy(v) é a funcéo densidade de probabilidade gama

a—1 7[-}“
)= Gy
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Distribuicao t-Student
e Considere a fungao densidade de probabilidade
fx(x) = /OOO fx o () fur (1) d

o fxy(x) € afuncéo densidade de probabilidade normal com média 0 e varianga (inversa)
desconhecida ) = 1.

w00 = () o (Lo )

e fy(v) é a funcéo densidade de probabilidade gama

—
a—1 B
)= Gy

e Demonstra-se que a fungao densidade de probabilidade de Student é dada por
n+l

_regh X2\ E
w9 Tt (1 7)
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Distribuicao t-Student

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Teste de Hipdtese - Exemplo

e Engenheiro considera a formulacido de adicionar um polimero
(borracha) derivado da emulsao de latex durante a mistura de
cimento para testar o impacto no tempo de cura e resisténcia a
forca de tensao do cimento.

e S3ao preparadas 10 amostras da formulagao do cimento na forma
original e 10 amostras na formulacao modificada.
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Teste de Hipdtese - Exemplo

e Engenheiro considera a formulacido de adicionar um polimero
(borracha) derivado da emulsao de latex durante a mistura de
cimento para testar o impacto no tempo de cura e resisténcia a
forca de tensao do cimento.

e S3ao preparadas 10 amostras da formulagao do cimento na forma
original e 10 amostras na formulacao modificada.

¢ As formulagdes sao referidas como tratamentos ou como dois
niveis de um fator.

e Técnica de inferéncia estatistica chamada teste de hipétese é
usada para comparar as duas formulagoes.
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e Impressao visual na tabela abaixo é que que o cimento original suporta uma forga maior
que o modificado, o que é "confirmado” pelos valores médios de forga.

Cimento Cimento
Modificado  Original

J Yij Yoj

1 16,85 16,62
2 16,40 16,75
3 17,21 17,37
4 16,35 17,12
5 16,52 16,98
6 17,04 16,87
7 16,96 17,34
8 17,04 17,02
9 16,59 17,08
10 16,57 17,27
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e Impressao visual na tabela abaixo é que que o cimento original suporta uma forga maior
que o modificado, o que é "confirmado” pelos valores médios de forga.

Cimento Cimento
Modificado  Original

J Yij Yoj

1 16,85 16,62
2 16,40 16,75
3 17,21 17,37
4 16,35 17,12
5 16,52 16,98
6 17,04 16,87
7 16,96 17,34
8 17,04 17,02
9 16,59 17,08
10 16,57 17,27

e Valores médios de resisténcia a forga de tensao:

¥1 = 16,76kgf /cm?  y, = 17,04kgf /cm?
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Teste de Hipdtese

® Yi1,Y12,---,Y1n, representam ny observagdes do primeiro nivel do fator.

® )21, Y02, ..., Yon, representam np observagdes do segundo nivel do fator.

e As duas amostras sao retiradas de duas populacdes normais independentes.
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Teste de Hipdtese

® Yi1,Y12,---,Y1n, representam ny observagdes do primeiro nivel do fator.

® )21, Y02, ..., Yon, representam np observagdes do segundo nivel do fator.

e As duas amostras sao retiradas de duas populacdes normais independentes.
e Modelo simples estatistico para o experimento:

ylj:ul—i_":lj’ i=1,2 j:17"')n

e yj: j—ésima observacao associada ao nivel i do fator.
e u;: média das observagoes associada ao nivel i do fator.

e ¢ variavel aleatéria normal, chamada erro aleatério, associada com a jj—ésima
observagao, isto é yj ~ N(u;),02,i =1,2.
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Hipotese Estatistica

e Corresponde a uma afirmagao (conjectura) sobre os pardmetros de uma distribuigdo de
probabilidade ou parametros de um modelo.

e Para o exemplo do cimento, considere a tensao média e as hipoteses
e Hy: uq = po, chamada hipétese nula.

e H; : 4 # up, chamada hipétese alternativa de dois lados, pois € verdadeira para py < po
OU 11 > p2.
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Hipotese Estatistica

e Corresponde a uma afirmagao (conjectura) sobre os pardmetros de uma distribuigdo de
probabilidade ou parametros de um modelo.

e Para o exemplo do cimento, considere a tensao média e as hipoteses
e Hy: uq = po, chamada hipétese nula.

e H; : 4 # up, chamada hipétese alternativa de dois lados, pois € verdadeira para py < po
OU 11 > p2.

e O procedimento geral do teste de hipdtese é especificar o valor o = P( rejeitarHy|Hy) €
verdadeiro), chamado nivel de significancia.
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Teste-t Student para Duas Amostras

e Suponha que as variancias sdo idénticas para as duas distribuicdes normais, 012 = 0'5.

e As duas amostras sdo extraidas de duas distribuicdes normais independentes.

e Portanto, a distribuicdo de 1 — 2 € N [uq — pp, o?(1/n + 1/n2)].
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Teste-t Student para Duas Amostras

e Suponha que as variancias sdo idénticas para as duas distribuicdes normais, 012 =02

2
e As duas amostras sdo extraidas de duas distribuicdes normais independentes.

e Portanto, a distribuicdo de 1 — 2 € N [uq — pp, o?(1/n + 1/n2)].

e Se o2 fosse conhecido, e se H, fosse verdadeiro, ent&o a distribuicao

Zy = =y
1 1
TNt
seria N(0, 1).
e No entanto, ao substituir o em (2) pela sua estimativa

(n1 — 1)S12+(n2 — 1)8%
n+n —2

2 _
Sp =
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Teste-t para Duas Amostras

e adistribuicao de Zy muda para a estatistica t—Student
=y
/1 1

e com ny — np — 2 graus de liberdade, devido & informagéo adicional que 02 = o2.

th=
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Teste-t para Duas Amostras

e adistribuicao de Zy muda para a estatistica t—Student
=y
/1 1

e com ny — np — 2 graus de liberdade, devido & informagéo adicional que 02 = o2.

th=

e Em alguns problemas, deseja-se rejeitar Hy se uma média € maior que a outra.

e A hipétese alternativa de um lado Hy : 11 > p2 € Hp € rejeitada se fy > to g 1n,—2-

e A hipétese alternativa de um lado Hy : p1 < pi2 € Hp € rejeitada se fy < —ty, n, 1ny—2-
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Teste-t para as Duas Amostras do Exemplo

e Para o exemplo do cimento temos

Cimento Modificado Cimento Original
V1 = 16,76kgf/cm?  y» = 17,04kgf /cm?
$2 =0,100 $2 = 0,061
Sy = 0,316 S, = 0,248
n =10 n =10
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Teste-t para as Duas Amostras do Exemplo

e Para o exemplo do cimento temos

Cimento Modificado Cimento Original
V1 = 16,76kgf/cm?  y» = 17,04kgf /cm?

812 =0,100 Sg = 0,061
Sy =0,316 S, = 0,248
ny =10 n, =10

e Desvios padrao sdo semelhantes e, portanto, a hipétese de igualdade das variancias é
razoavel.

e ny+n—2=10+10—2 = 18, e ao se escolher o = 0, 05, rejeitamos Hy se
o > f0’025’18 =2,101ouse fp < —t07025718 =-2,101.
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Teste-t para as Duas Amostras do Exemplo

o (M —1)S}+(n2 —1)S5

Sp n+n—2
9(0,100) + 9(0, 061)
= = 1
10+10-2 0,08

Sp = O, 284
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Teste-t para as Duas Amostras do Exemplo

_ (m—1)S}+ (e — 1)}

82

P n+n—2
9(0,100) + 9(0,061)

= = 0,081

10+10—-2 ,08
Sp:0,284
e Estatistica do teste:
Vi—y 16,76 — 17
po Wi 1876-17.04 _ ,

1
So/n t s 0,284y/75 + 75

e Como fp = —2,20 < —1p 005,18 = —2, 101, rejeita-se Hy e conclui-se que iy < po.

e Isto é confirmado na prética: tempo de cura do cimento modificado é menor, mas sua
resisténcia a forga de tensdo é menor.
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Valor-P em Teste de Hipotese

e Hipotese nula Hy € ou nao rejeitada em um nivel especificado de valor-« ou nivel de
significancia fixo.

e Valor calculado da estatistica do teste esta préximo ou distante do limiar da regido de
rejeicao?

e Enfoque do valor-P : probabilidade que o valor da estatistica do teste assuma o menor
nivel de significancia, quando a hipdtese nula é verdadeira.
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Valor-P em Teste de Hipotese

e Hipotese nula Hy € ou nao rejeitada em um nivel especificado de valor-« ou nivel de
significancia fixo.

e Valor calculado da estatistica do teste esta préximo ou distante do limiar da regido de
rejeicao?

e Enfoque do valor-P : probabilidade que o valor da estatistica do teste assuma o menor
nivel de significancia, quando a hipdtese nula é verdadeira.

e Como |fy| = 2,20 > .025,18 = 2, 101, entao o valor-P é < 0.05.
e Como fy.01,18 = 2,552 > |fy| = 2,20, ent&o o valor-P esta entre 0.05 e 2(0,01) = 0, 02.

e Softwares de estatistica fornecem o valor-P exato ou na forma < 0,001. Para este
exemplo, o software Minitab fornece o valor-P igual a 0.042.
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Intervalo de Confianca

e Em diversas situagoes, o teste nulo de hipétese de médias 1 = uo é de pouco interesse.

e Mais importante: de quanto diferem? Resposta: intervalo de confianga.
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Intervalo de Confianca

e Em diversas situagoes, o teste nulo de hipétese de médias 1 = uo é de pouco interesse.
e Mais importante: de quanto diferem? Resposta: intervalo de confianga.
e Seja # um parametro desconhecido. Encontre duas estatisticas L e U tal que
PL<H<U)=1—q (3)
¢ verdadeiro.

e Ointervalo L < 6 < U é chamado um intervalo de 100(1 — «)% de confianga para o
parametro 6.

e O intervalo de confianga tem um interpretacao frequentista, isto é, o método usado para
produzir o intervalo de confianga gera afirmativas corretas 100(1 — «)% das vezes.
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Intervalo de Confianca

e A estatistica

P

1= Yo — (11 — p2)

e —————— Ntn+n—2
/3 1 R

1 —=Y2 — (11 — p2)

_ta/z,n1+n2—2 < - 7T < ta/2,n1+n272 =1-a
Sey/ar T 7
_ _ 1 1
Pyt —¥2 —taso,n4n,—25p E + . < 1= p2
_ _ 1 1
<V —Vet+tas2nn—25 A 11—« 4)

e Comparando (3) e (4)
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Intervalo de Confianca

_ _ 1 1
Vi =Y2 —tajanin,—2Spy [ — + — <1 — pe2

o n
— _ 1 1
<V —=Yo+ tay2,n+n,—25p ™ + ™

e ¢éum intervalo de confianga 100(«)% para p11 — po.
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Intervalo de Confianca

_ _ 1 1
V1= Y2 —tay2,n4n,—25p o + ™ <=z

— _ 1 1
<V —=Yo+ tay2,n+n,—25p ™ + ™

e ¢éum intervalo de confianga 100(«)% para p11 — po.

e Para o exemplo do cimento com uma estimativa de 95% para o intervalo de confianca

/1 1 /1 1
16,76—17,04—(2,10)0, 284 I + T < p1—pp < 16,76—17,04+(2,10)0, 284 T + 1

—0,55 < py — p2 < —0,101

e o intervalo de confianga 95% & 1 — puo = —0,28 + 0,27, ou a diferenga na média é -0,28
e a precisdo da estimativa é +0, 27.

e Como py — ppe = 0 ndo estd incluido no intervalo de confianga, os dados ndo suportam a
hipotese que 41 = uo no nivel de significancia 0.05.
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Teste-t para Duas Amostras: Topicos Adicionais

e Desvios moderado da hipétese de distribuicao normal das duas
populacdes nao afeta muito o desempenho do teste-t.

e Escolha do tamanho da amostra.

2 2
O caso of # o5.

O caso 0% e o5 conhecidos.
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Distribuicao-F

e A distribuicao-F é conhecida como distribuicao de Snedecor ou distribuigao de
Fisher-Snedecor.

e Aparece frequentemente como uma distribuigao nula de um teste estatistico,
principamente na analise das variancias de duas amostras de duas populagdes com
distribuicdo normal.
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Distribuicao-F

e A distribuicao-F é conhecida como distribuicao de Snedecor ou distribuigao de
Fisher-Snedecor.

e Aparece frequentemente como uma distribuigao nula de um teste estatistico,
principamente na analise das variancias de duas amostras de duas populagdes com
distribuicdo normal.

Definicao
Sejam U e V duas variaveis aleatérias independentes com distribuigéo chi -quadrado com me n

graus de liberdade, respectivamente. Entao a variavel aleatéria X = —/ ™ define a estatistica
men.

Proposicao

A fungado densidade associada a estatistica X = V//n é dada por

r (73

2 x>0
r(gr

fr(x) =

) m/2pn/2 x(m/2)—1
@) (s e’

A demonstragao é complexa.
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0.0

— di=1, d2=1

— d1=2, d2=1
d1=5, d2=2
d1=100, d2=1
d1=100, d2=100
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Variancias de Duas Populagcées Normais

e Meta: comparar variancias de duas populagdes normais com variancias 012 e ag,

respectivamente.

e Tome uma amostra de tamanho ny de uma populagao e outra amostra de tamanho n, da
outra.
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Variancias de Duas Populacdes Normais

e Meta: comparar variancias de duas populagdes normais com variancias 012 e 0'5,

respectivamente.

e Tome uma amostra de tamanho ny de uma populagao e outra amostra de tamanho n, da
outra.

Proposicao

s2/s2 ~ F(ny —1,n — 1), se 02 = 02,

Demonstracao
(n —1)82
Wi ! 2 ! X,21171
X
(n2 — 1)85 2
W2 = T ~ Xn2—1
7< St /ny — 1
= W1/n1_1 = 01 / 1 S120§NF(I71—1 n2—1).
Wg/n2—1 (np— 1 2//7 850'212 ’
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Teste Chi-Quadrado de Qualidade de Ajuste

e Considere r caixas e jogue nbolas Xj, ..., X, nas caixas independentemente entre estas
com probabilidades
Px. € Bi=pj, i=1,...,r

P14 +pr=1
n
e Seja v; = numero de bolas { Xj, ..., Xp na Caixa B;} = > I(X; € B;) (Ifuncéo
I=1
indicadora)

n n
Evi=>_I(X, € B)=>_ P(X €B)=np
=1 =1
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Teste Chi-Quadrado de Qualidade de Ajuste

e Considere r caixas e jogue nbolas Xj, ..., X, nas caixas independentemente entre estas
com probabilidades
Px. € Bi=pj, i=1,...,r

P14 +pr=1
n
e Seja v; = numero de bolas { Xj, ..., X, na Caixa B;} = ,z% I(X; € B;) (I'fungao

indicadora)

n n
Evi=>_I(X, € B)=>_ P(X €B)=np
=1 =1

e A dificuldade na demonstracédo do teorema de Pearson (1900) a seguir, € que as variaveis
vj ndo séo independentes, pois
vi+--+vr=n
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Teste Chi-Quadrado de Qualidade de Ajuste

e Considere r caixas e jogue nbolas Xj, ..., X, nas caixas independentemente entre estas
com probabilidades
Px, € Bi=pi, i=1,....r

P14 +pr=1
n
e Seja v; = numero de bolas { Xj, ..., X, na Caixa B;} = ,z% I(X; € B;) (I'fungao

indicadora)

n n
Evi=>_I(X, € B)=>_ P(X €B)=np
=1 =1

e A dificuldade na demonstracédo do teorema de Pearson (1900) a seguir, € que as variaveis
vj ndo séo independentes, pois
vi+--+vr=n

Teorema (Pearson)

A variavel aleatéria

np/) d.2
E " Xr—
= np; =

converge em distribuicao para a distribuicao Xf_1 com r — 1 graus de liberdade.
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Exemplo do chi-squared goodness-of-fit test

e Usar o teste para verificar se os dados ajustam-se a uma distribuicdo continua Fo(w)

conhecida, isto é,
Ho : F(w) = Fo(w)

e Divida o intervalo continuo em k categorias (caixas), chamadas Aq, ..., A, em que 0s
dados observados podem situar-se.

e X; = nimero de vezes que um valor observado de W pertence a categoria A; com
probabilidade p;.

e O teste de hipdtese acima é modificado para

Hy :pi=pio, i=1,....k
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Exemplo do chi-squared goodness-of-fit test

e Usar o teste para verificar se os dados ajustam-se a uma distribuicdo continua Fo(w)
conhecida, isto &,
Ho : F(w) = Fo(w)

e Divida o intervalo continuo em k categorias (caixas), chamadas Aq, ..., A, em que 0s
dados observados podem situar-se.

e X; = nimero de vezes que um valor observado de W pertence a categoria A; com
probabilidade p;.

e O teste de hipotese acima é modificado para
Hy :pi=pio, i=1,....k

e A hipotese é rejeitada se o valor do teste chi-quadrado
k
O:; — E)?
Ok—1 _ Z ( I I)
i=1 Ei

é maior ou iguala x2_, .
e O, e E; representam, o valor observado e o valor esperado de X;, respectivamente.

e Se ahipétese H, : pi = pio, i =1,..., k ndo é rejeitada, entdo a hipétese original
Ho : F(w) = Fo(w) ndo é rejeitada.
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Exemplo do chi-squared goodness-of-fit test

e Sao dados os Ql's de 100 pessoas. Teste a hipotese nula que os dados provém de uma
distribuicdo normal X com média E[X] = 100 e desvio padrao ox = 16.

e Defina as categorias pela divisao dos Ql's em k = 10 conjuntos com igual probabilidade
1/k =1/10.

e A tabela mostra os Ql’s e a figura ilustra os k = 10 intervalo com igual probabilidade.
Além disso, € mostrado os valores Z associados aos Ql's que correspondem as k = 10
probabilidades cumulativas 0, 1; 0, 2; 0, 3; etc., e os valores X = E[X] + oxZ.

54 &6 74 T4 75
82 82
89 89 89 83 %0
93 93
99 99
102 102 103 103 104
109 109 110 111 111

114 114 115 115 115
121 122 123 125 126
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e O numero de graus de liberdade € 10 — 1 — 2 = 7, devido ao conhecimento da média e
desvio padrao da distribuicao normal.

e A tabela abaixo mostra as categorias associados a intervalos ou classes, valores
observados, valor esperado (100 x 0, 1) e a contribuigao ao valor do teste Q;.

Qo =8,2 < x5o_1.0,05 = X5.0,05 = 14,07

e A hipotese nula nao é rejeitada no nivel 0, 05.

Category Class Obs’d | Exp’d | Contribution to Q
1 (—o0, 79.5 7 10 (7—10)°/10=10.9
2 (79.5, 86.5 7 10 (7 —10)° /10 = 0.9
3 (86.5,91.6 14 10 | (14—10°/10=16
4 (91.6, 95.9 5 10 (5-10)" /10 =25
5 (95.9, 100.0] 14 10 (14—10)°/10=16
6 (100.0,104.1 10 10 (10 — 10)* /10 = 0.0
7 (104.1,108.4 12 10 (12-10)°/10=04
8 (108.4,113.5] 11 10 (11-10)*/10=0.1
9 (113.5,120.5] 9 10 (9-10"/10=01
10 (120.5, 00| 11 10 (11—-10)*/10=0.1

n =100 | n = 100 Qg =82
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Regras de Parada Probabilistica para GRASP
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Abstract

“The main drawback of m i the absence of Most implementa-

tonsof such agorhns op ahe peforming o shen s number of erations o e misimum

nber of consecutive iterations without improvement in the best-known solution value, or after the stabi-

Immun of the setof clite solutions found ulomz ihesarch. We propose v probabilstesopping s
Proced:

e peobabity dnsityfncton of the ason s ained ons the neraions of such lgorthm

b s o mplenntsopping s basedonthe tradeolbetween sluiongualityand the e nosded
o find soluton o n the particular
case of GRASP heursics. th soluion values obined along s ieracions fit & norml disributon that
maybeused o give an of the number of that
might be at least $

used to

el ben quality and the time needed to find a solution that might improve the incumbent,

The robustness of this strategy is illustrated and validated by a thorough computational study reporting
with G problems.

bability: artificial 3 resulls; heuistes local

i applied
search; metaheuristics

1

Introduction and motivation

are general high-level procedures that coordinate simple heuristics and rules to
problems.
Among them, we find simulated annealing, tabu scarch, GRASP, VNS (Variable N:lghborhood

Metaheuristi
find good

2013 The A
Inierarions ternational
i o Blackwsh Pl . 400 Gartnon R, Otors O 35, UK and 350 Mo . N sen NA 03138, USA
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Greedy Randomized Adaptive Search Procedures - GRASP

Procedimento GRASP (Max-Iteracdes, Semente)
1 Faga f* < oo ;

2 para k = 1,..., Max-lteragoes faca

3 x < Greedy Randomized Construgao(Semente);
4. X < Busca Local (Solugao);

5. se f(x) < fx entao

6 X* < X;

7 fx « f(x);

8 fim;

9 fim;

10. retorne xx, fx ;

fim.

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Fase Construtiva de GRASP

Procedimento Greedy-Randomized-Construction(Semente)
1 Solugao « 0;

2 Avalie o custo incremental dos elementos candidatos;
3 enquanto Solucéo nao esta completa faga;

4 Construa a lista restrita de candidatos (LRC);

5. Selecione elemento s de LRC aleatoriamente;

6 Solugao «+ Solugao U{s};

7 Reavalie os custos incrementais;

8 fim;

9. retorne Solugao;

fim.
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4 Instancias de 4 Problemas Abordados

The 2-path network design problem

The p—median problem

The quadratic assignment problem

The set k—covering problem

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Problema das p— Medianas

206 €. Ribeiro et al./ Il Trans. i Op. Res. 20 (2013) 301-323
Table |
Testinstances of the 2-path network design problem
Tnstance v I3
2pndps0 0 S0
2pndp70 70 700
pndpd0 % 900
2pndp200 0 0

problem consists in finding a minimum weighted subset of edges containing a path formed by at
most two edges between every origin-destination pair. Applications can be found in the design
of communication networks, in which paths with few edges are sought to enforce high reliability
and small delays. Its decision version was proved to be NP-complete by Dahl and Johannessen
(2009 The GRASP heuristicthat has bt usd n the compuationalesperment with the 2 ath
network design problem was originally presented in Ribeiro and Rosseti (2002, ‘The main
characteristics of the four instances involved in the experiments are summarized in T

3.3 The p-median problem

Given a set F of m potential facilities, a set U of n customers, a distance !lmclmn d:UxF R,
p = m the p-median whic

open h\mhly Itisa well-known
NP-hard problem (Kariy and Hakimi, 1979). with numerous applications to location Tansel et al
(1983) and clustering (Rao, 1971; Vinod, 1969) problems. The GRASP heuristic that has been used
inthe computationa xperiments with th p-median probm was orinalypresened in Resende
and Werneck (2004). The main
summarized in Table 2

3.4, The quadratic assignment problem

Given  facilities and n locations represented. respectively, by the sets F = (f, ... /,] ant
{£1.-....£,). the quadratic assignment problem proposed by Koopmans and Beckmann «1957»
consists in determining to which location each facility must be assigned. Let A" = (a,)) be a

Table 2
Testimsances of the pmedian problem

Tnstance B O ’
et 200 00 o
pm 300 1500 100
ez 00 000 167
pmedin 00 720 200

2013 The Authors.

Intermational Rescarch © 2
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Aproximacao da Normal por lteragcoes GRASP

e fi,...,fy: amostra de valores de solugdes obtidas por GRASP em N iteragdes.
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Aproximacao da Normal por lteragcoes GRASP

e fi,...,fy: amostra de valores de solugdes obtidas por GRASP em N iteragdes.

e Hy:aamostra fy,..., fy segue uma distribuicao normal.
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Aproximacao da Normal por lteragcoes GRASP

e fi,...,fy: amostra de valores de solugdes obtidas por GRASP em N iteragdes.
e Hy:aamostra fy,..., fy segue uma distribuicao normal.
e H;:aamostra fi,...,fy nao segue uma distribuicao normal.
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Aproximacao da Normal por lteragcoes GRASP

e fi,...,fy: amostra de valores de solugdes obtidas por GRASP em N iteragdes.
e Hy:aamostra fy,..., fy segue uma distribuicao normal.
e H;:aamostra fi,...,fy nao segue uma distribuicao normal.

e me Srepresentam a média e desvio padrao da amostra.

Vinicius A. Armentano - FEEC - UNICAMP - 2014 64



Aproximacao da Normal por lteragcoes GRASP

e fi,...,fy: amostra de valores de solugdes obtidas por GRASP em N iteragdes.
e Hy:aamostra fy,..., fy segue uma distribuicao normal.
e H;:aamostra fi,...,fy nao segue uma distribuicao normal.

m e S representam a média e desvio padrao da amostra.

e A amostra normalizada f/ = (f; — m)/S implica em uma normal N(0, 1).

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Aproximacao da Normal por lteragcoes GRASP

e fi,...,fy: amostra de valores de solugdes obtidas por GRASP em N iteragdes.
e Hy:aamostra fy,..., fy segue uma distribuicao normal.
e H;:aamostra fi,...,fy nao segue uma distribuicao normal.

e me Srepresentam a média e desvio padrao da amostra.

e A amostra normalizada f/ = (f; — m)/S implica em uma normal N(0, 1).

e Nos experimentos, « = 0,1 e nimero de intervalos igual a 14:

(—00,—3,0),[-3; —2,5],[-2,5; —2,0],- - - ,[2,0;2,5],[2,5; 3, 0], [3, 0; 00).

e Ajuste da normal é ilustrada para N = 50, 100, 500, 1000, 5000, e 10.000 iteragoes de
GRASP.
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Aproximacao da Normal por lteragcoes GRASP

Vinicius A. Armentano - FEEC - UNICAMP - 2014

1w €. Ribeiro et al./ Il Trans. i Op. Res. 20 (2013) 301-323

() nstance prmedi with p =

5 ; K
© ostance pmed25 with p = 167 @) Tusance prmed30 with p = 200
Fie
Table o
c i problem
Tovanes Tierations 0 Horn
idon 0 0127260 17275000
wissa S0 0213226 17275000
widoa 0 008016t 17275000
wison 0 0ms1s2 17275000
fittings to the the iterations of the GRA the p-median
problem

Results obtained with the GRASP heuristic for the quadratic assignment problem are reported
in Tables 9 and 10 and in Fig. 4. The same statistics and plots provided for the previous problems
lead to similar findings: they illustrate the robustness of the normal fittings to the solution values
obtained along the iterations of the GRASP heuristic for the quadratic assignment problem.

Finally, we reportin Tables 11 and 12and in Fig. 5 the results obtained with the GRASP heuristic
for the set k-covering problem. The same statistics and plots already given to the other problems
show that also for the set k-covering problem the m,mm ﬂlmgw 0 the solution values obtained
along the iterations of the GRASP heuristic are very rol

‘We conclude this section by observing that the null hvpom:sls cannot be rejected with 1 —
90% of confidence. Therefore, we may approximate the solution values obtained along N iterations
of a GRASP heuristic by a normal distribution that can be progressively fitted and improved as

©2013 The Authors.
Intermational Rescarch © 2
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Aproximacao da Normal por lteragoes

Vinicius A. Armentano - FEEC - UNICAMP - 2014

C.C. Ribeiroetal/ Int. Trans.in Op. Res 20 (2013) 301-323 3

Table 7
Chisquare test for |

0% confidence level: p-median problem

Tnstance Tirations D
pmed0 50 0196116

pmedis 50 0167526 17275000
pmed2s 50 0249443 17275000
pmed30 £ 0160131 17275000

Table s
Statstics for normal ftings: p-median problem

Tostanee Terations Mean Standard deviation Skewness Kurtosis
S0 1622.020000 7844097 3235009

100 1620.890000 S9omall 3304588

pmedio 500 2 3484721 1248
il 1000 64.402076 2964164
S000 63.499795 2051273

10000 3415181 2055208

s0 S8.850642 1949923

100 53136 2693553

pmed1s 500 65881958 2828056
100 1000 o022 278443
S000 64639604 2040204

10000 2175651600 65101495 2954639

s0 2277780000 3028905

100 3466265

S0 3311486

1000 3068963

000 3108109

10000 30733

s0 2961249

100 2667470

pmedin 00 2601882
p=20 1000 2858399
000 3054188

10000 S4978827 0006407 3066879

Table § gives the main statistics for each instance of the p-median problem and for increasing
values of the number N = 50, 100, 500, 1000, 5000, and 10,000 of GRASP iterations: mean,
standard deviation, skewness,

number of Furthermore, the
already very close to that of the normal fitting after 10,000 iterations.
Once again, the skewness values are consistently very close to 0, while the measured kurtosis of the
sample s abvayslose 03

Figu iterations.
Once i, he satisis and plot in thes tables and g Tstrate the bustness oF th noromal

mean after 50 iterations

2013 The Authors
International Rescarch ©

GRASP
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Estimativa da Melhor Solugao

e Seja UBY =min{fy,...,fx}, média mX e desvio padrao Sk

e A aproximagao da normal é dada por

1 —(x —mk)?
(x) = ex .
X( ) Sk TT{' P ( 28’%
e Probalidade de de encontrar uma solucdo com valor menor ou igual a UBK na préxima
iteragao :
Bk

Fi(UBK) = /U s (r)dr

—o0

e Estimativa melhor com limitante inferior / para o valor de qualquer solugao :
~ UBk A
L (UBF) — / 7(r)dr
i

° ?)’g : fungado densidade de probabilidade da normal truncada

()%

el jexcus (X1 < x S UBK) = ——— X
s Fl(UBK) — Fi()
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Exemplos de Truncagem

Vinicius A. Armentano - FEEC - UNICAMP - 2014

a8 €. Ribeiro et al./ Il Trans. i Op. Res. 20 (2013) 301-323

Next, we perform N additional terations and we count the number N= of solutions whose value is
smaller than or equal to £ (UB).

“The computational results displayed in Tables 14 and 15 show that 4= is a good estimation for
the number N= of soluti ter N a than or equal
10 the best solution value at the time the algorithm would stop for each threshold value §. Using
the threshold = 10~ is not appropriate, since at this point we are usually still very far from the
optimal value and £F (TB) does not give a good estimate of the probability of finding a solution at
least as good as the best known at this time. that for both
and the set A-covering problems, whose results are depicted in Table 15, it has not been possible to
reach a solution satisfying the threshold # = 10+ for any of their instances.

Therefore, the probability £(UB*) may be used to estimate the number of iterations that must
be performed by the algorithm to find a new solution at least as good as the currently best one. The
threshold f used to implement the stopping criterion may cither be fixed a prior as a parameter
or iteratively computed. In the last case, since the user s able to account for the average time taken
by each GRASP iteration, this threshold can be determined online so as to limi the computation
time when the probability of finding improving solutions becomes very small and the time needed
10 find improving solutions could become very large.

©2013 The Authors.
Intermational Rescarch ©
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Critério de Parada e Validacao

e Critério de parada: para um dado limiar 3, pare GRASP quando Ff(UB*) < 3.
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Critério de Parada e Validacao

Critério de parada: para um dado limiar 3, pare GRASP quando Ff(UB*) < 3.

Validag@o: para cada valor de 8, GRASP & executado até que F(UB¥) < 5.
e Seja k a iteragdo em que a condicao é satisfeita e UB o valor da melhor solugao.

Neste ponto estima-se por N< = |N x F£(UB)].
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Critério de Parada e Validacao

e Critério de parada: para um dado limiar 3, pare GRASP quando Ff(UB*) < 3.
e Validagdo: para cada valor de 5, GRASP é executado até que F(UB¥) < 5.

e Seja k a iteragdo em que a condicao é satisfeita e UB o valor da melhor solugao.
o Neste ponto estima-se por N< = |N x F£(UB)].

e N< :nlmerode solugdes com valor pelo menos tdo bom quanto UB se N iteragbes
adicionais de GRASP sao executadas.

e A seguir as N iteragoes (empiricamente N = 1.000.000) sao executadas e conta-se o
ntimero N< de solugdes com valor menor ou igual a UB.
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e Para as instancias das p—medianas a estimativa é melhor para os valores de 3 iguais a
104 e 105,

e O valor de beta pode ser fixo a priori ou calculado iterativamente.

©.C. Ribeiroeral / Inl. Trans.in Op. Res. 20 (2013) 301-323 31
Tuble 14
ed of soluions at last
d fer & — 1,000,
Threshold Estimation Count
Problem Instance s & v
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0 25 970 1543
2pndpso. » 315 757 73
s 1 0
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3 78609 148028
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63 s 4
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217169 © s
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GRASP com Critério de Parada Probabilistico

Procedimento GRASP (3, Semente)

1
2
3
4.
5.
6
7
8

9

10.
11.
12.
13.
14.
15.
16.
fim.

Faga fx <+ oo ;
Faga k < 0;
repita
x « Greedy Randomized Construgao(Semente);
X < Busca Local (Solugao);
se f(x) < fx entdo
X+ X;
fx < f(x);
fim;
kKi+— k+1;
fi < f(x);
UBK « fx;
Atualize a média m* e o desvio padrdo S¥ de fi,. .., fi;
Calcule a estimativa F£(f+) = FK(UBK) = [ T(r)dr;
até Fl(f+) < B;
retorne xx, fx ;
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Analise de Variancia: Introducao

e Caracteristica comum: variagao da observagao fisica de medidas cientificas, causada, por
exemplo, a condigdes externas nao controlaveis.

e Metodologia andlise de varianca - ANOVA (analysis of variance) investiga variagoes da
observacao fisica associadas com fatores distintos.
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Analise de Variancia: Introducao
e Caracteristica comum: variagao da observagao fisica de medidas cientificas, causada, por
exemplo, a condigdes externas nao controlaveis.

e Metodologia andlise de varianca - ANOVA (analysis of variance) investiga variagoes da
observacao fisica associadas com fatores distintos.

e Envolve a divisdo da variacao total nos dados em componentes individuais atribuidos a
varios fatores e aqueles devidos a erros aleatorios.

e Realiza testes de significancia para determinar quais fatores influenciam o experimento.
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Analise de Variancia: Introducao

e Caracteristica comum: variagao da observagao fisica de medidas cientificas, causada, por
exemplo, a condigdes externas nao controlaveis.

e Metodologia andlise de varianca - ANOVA (analysis of variance) investiga variagoes da
observacao fisica associadas com fatores distintos.

e Envolve a divisdo da variacao total nos dados em componentes individuais atribuidos a
varios fatores e aqueles devidos a erros aleatorios.

e Realiza testes de significancia para determinar quais fatores influenciam o experimento.

e Metodologia desenvolvida por Sir Ronald A. Fisher (1918, 1925, 1935) que batizou-a
analise de varianga, ferramenta mais usada em estatistica moderna (pés 1950) nas mais
diversas areas tais como, biologia, psicologia, medicina, sociologia, educacao, agricultura

e engenharia.

e Modelos de andlise de varianca sao largamente usados para analisar o efeito de variaveis
independentes em variaveis dependentes ou medida de resposta de interesse.
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Modelo Linear com um Fator (One-Way Classification)

Modelo simples, mas muito usado.

e aniveis distintos de um Unico fator.
e nobservacdes em cada nivel, totalizando N = an observacdes.

e yji - valor associado & j—ésima observagéo no i—ésimo nivel do fator.
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Modelo Linear com um Fator (One-Way Classification)

Modelo simples, mas muito usado.

e aniveis distintos de um Unico fator.
e nobservacdes em cada nivel, totalizando N = an observacdes.

e yji - valor associado & j—ésima observagéo no i—ésimo nivel do fator.

Modelo Matematico

Yi=wp+Tite, i=1,...,a j=1,....n

e 1 : média global sobre todas as N observagoes.
e 7;: efeito (um parametro) associado ao i—ésimo nivel.

e ¢ : erro aleatdrio associado com j—ésima observagéo no i—ésimo nivel.
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Analise de Modelos de Varianca

e Dois tipos de efeitos: Sistematicos ou Fixos e Aleatérios.
e Modelo de efeitos fixos: 7; € constante.

e O experimento consiste em analisar os niveis pré-determinados de cada parametro

e Objetivo: fazer inferéncias sobre os parametros p, 7j, o

e Modelo de efeitos aleatérios: 7; sdo variaveis aleatérias com médias nulas e variancias o
e independentes de ¢;.

e O experimento consiste em analisar amostras de populagoes infinitas associadas
com variaveis aleatérias.

o Obijetivo: fazer inferéncias sobre i, 7j, 02, 02.

e Modelos mistos: contém paramétros constantes e variaveis aleatérias.

e Outros modelos: populagao finita e outras distribuigoes sobre o erro aleatorio.
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Modelo com Efeito Fixo: Hipéteses

e Os erros e s&o independentes com distribui¢édo normal e variancia a?

todos niveis do fator.

, constante para

e Os erros associados com qualquer par de observagoes sao nao correlacionados :

AT AT

E(ejepy) =

Vinicius A. Armentano - FEEC - UNICAMP - 2014 75



Modelo com Efeito Fixo: Hipéteses

2

Os erros e sdo independentes com distribuicdo normal e variancia o
todos niveis do fator.

, constante para

e Os erros associados com qualquer par de observagoes sao nao correlacionados :

AT AT

E(ejepy) =

e Assume-se igualdade de todos os niveis, isto &,

E(yj)=p+m,i=12,...,a

Como p é a média global

1 a a a
EZE(YU):M*—ZT" = 71=0
i= i= i
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Particao da Soma Total dos Quadrados

e Notagao: barra no topo e um ponto como sufixo, indicam indicam uma média sobre o
sufixo, como indicado na identidade

Yi=y. =W —-¥.)+Wi—¥) ©

tal que

1 n
o= Vi
nj:1

1 a n
Vi.. = ;ZZ}’/]

i=1 j=1
e Tomando o quadrado em (6) e somando sobre j e j

a n a n a n

DD W= =D T =AY =) 4+2d> > (v =) (7)

i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1
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Particao da Soma Total dos Quadrados

O produto cruzado se anula, pois

ZZy 7 — y,)—z V=YV (Wi—¥.)=0
j=1

i=1 j=1 i=1

a n

> -7 —nZ(y, -7.)
Jj=1

i=1

A expressao (7) é simplificada
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Particao da Soma Total dos Quadrados

a n a a n

S0P =0 G -7+ - )P ®)

=1 j=1 =1 =1 j=1

e Equation 8: soma dos desvios quadraticos de observagoes individuais em relagao a
média global ou soma total dos quadrados SSt.

e Soma dos desvios quadraticos das médias de cada grupo (fator) em relagéo a média
global ou soma dos quadrados inter-grupos SSg.

e Soma dos desvios quadraticos das observacdes em relagao as médias dos grupos ou
soma de quadrados intra-grupos SSyy.

Vinicius A. Armentano - FEEC - UNICAMP - 2014 78



Graus de Liberdade para Somas Quadraticas

o A soma total de quadrados SSt é baseada em an desvios yj; — y com restricbes

> i—-7v.)=0

i=1 j=1
e, portanto, a(n — 1) graus de liberdade.

e De modo analogo a soma dos quadrados inter-grupos SSg tem a desvios com restricoes

> 7 -7.)=0

i=1
e, portanto, a — 1 graus de liberdade.

e No caso da soma dos quadrados intra-grupos SSyy, considere a componente corresponde

ao i—ésimo fator, isto é,
n

D> Wi —7)?

=

existem n — 1 graus de liberdade. Como existem a componentes, SS\y tem a(n — 1) graus
de liberdade.
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Esperanca de Somas Quadraticas Médias

Modelo Matematico

Yi=u+Tit+e, i=1,...,m j=1,...,n (5)

Soma Total dos Quadrados

S i—v ) =nd> (7 - +ZZ(}’/ ¥ (8)

=1 j=1 =1 =1 j=1

e Tomando a esperanga, obtém-se

1L .
YI:EZ(M-FT:"FGU):M-FTI‘-FG/.
j=1

Vi.. Z(u+r,+e,)—u+7+e
l1
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Esperanca de Somas Quadraticas Médias

e Como os g;’s sdo nao correlatos com média zero e varianga o2 segue-se que

E(ef) =0o?
E(&?)=o%/n

E(8%) =o?/an

(1)
(12)

(13)

e Substituindo as expressodes (5), (9) e (10) no segundo e terceiro termos de (8), obtém-se

SSw=>_> (ej—&.)°

=1 j=1

e A partir de (9)-(13) obtém-se

E(MSy) = E< SSw ) =o?

a(n—1)
n a
E(MSg) = — > rP4o?
i=1
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Distribuicao Amostral das Médias Quadraticas

e As médias quadraticas sao fungoes de observagdes amostrais e, portanto, devem ter

distribuicdes amostrais.
e Do teorema (pag.31) segue-se que em um estimador n&o tendencioso 42 de o2

e
0'2 v
e Como
E(MSy) = o2
entao
MSw  x*la(n—1)]
o2 a(n—1)
e Como
a
__n 2 2
E(MSg) = — ;‘r,. +o
e entdo, MSg é um estimador néo tendencioso de 02 se 7 =0,i=1,...,a, isto é
MSg  x?la—1]
a—1
82

o2
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Teste de Hipdtese: Teste F para Analise de Varianca

e Teste de hipdtese nula: todos os niveis do fator tém o mesmo efeito, isto é
Hy:mm=m=--172=0

e A alternativa é
Hy : os /s ndo s&o todos nulos

e Vimos que quando H, é verdadeiro
E(MSy) = E(MSg) = 2.

e quando Hy é falso
E(MSB) > E(MSW)
e Quando Hy é verdadeiro, segue-se que a razao

_ MSg/o®  MSg

F=_—_""="__ =
MSy /o2 — MSy

(16)

e ¢ distribuida como uma variavel F com a — 1 e a(n — 1) graus de liberdade.

e Por exemplo, se o = 0,05 e se o valor calculado em (14) é maior que o ponto
correspondente a 95% da distribuicao de F, pode-se concluir que a hipotese H, é falsa no
nivel « = 0, 05 de significancia.
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Tabela para Analise da Varianca

Analise da Varianga com Efeito Fixo
Fontede Grausde  Soma dos Média
Variagdo Liberdade Quadrados Quadratica Valor F

Inter a—1 SSB MSB MSB/MSW
Intra a(n—1) SSy MSw

Total an—1 SSy
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Wafer de Circuito Integrado

e Circuitos integrados construidos sobre um disco de material semicondutor chamado wafer
(bolacha) com dimensao tipica de 5 a 8 polegadas.

e Mascara e um processo de aplicagao de plasma sao usados para criagao de padroes de
circuitos em que deposita-se aluminio ou cobre.

e Plasma é um gés parcialmente ionizado com mesmo nimero de cargas positivas e
negativas, bem como particulas de gas néo ionizado, por exemplo, fluorocarbono.

e Plasma é obtido por um gerador de radiofrequéncia (RF).

e O objetivo do experimento é modelar a relagao entre a taxa de remogao (angstroms/min)
do semicondutor e a poténcia RF.
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Wafer de Circuito Integrado

Taxa de Remocgao Observada

Poténcia RF Totais
(W) 1 2 3 4 5
160 575 542 530 539 570 2756
180 565 593 590 579 610 2937
200 600 651 610 637 629 3127
220 725 700 715 685 710 3535
y. =12.355

Médias

551,2
587,4
625,4
707,0

7. = 617,75

4 5

ssr=3>yvi-*

i=1 j=1
= (575)% + (542)° + - - - + (710)?

= 72.209
I
SSg = — 2 _ L.
B n;y" an
(12.355)?
20

1 2 2
= Sl(e756)% + - + (35%5)°] -
= 66.870, 55
SSy — SSy — SSg

= 72.209, 75 — 66.870, 55 = 5339, 20
Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Wafer de Circuito Integrado

Fonte de Grausde  Soma dos Média
Variagao Liberdade Quadrados Quadrdtica Valor Fy  Valor-P
Poténcia RF 3 66.870 22.290,18 66,80 < 0,01
Intra 16 5339,20 333,70
Total 19 72.209,75

o Fy=22.290,18/333,70 = 66,80

e Para o = 0,05, Fyp5.3.16 = 3,24. Como Fy = 66,80 > 3,24, a hipdtese Hj é rejeitada,
isto é, a poténcia RF afeta significativamente a média da taxa de remogao.

e Como Fy 1:3.16 = 5,29, e Fp > 5,29, um limitante superior para o valor—P é 0, 01 (o

valor exato do valor—P & 2,88 x 10~9).
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Wafer de Circuito Integrado
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Verificacao da Adequacao do Modelo

e As seguintes hip6teses foram feitas para o modelo
Vi=u+T1ite, i=1,....n j=1,....n
(i) ej's s&o normalmente distribuidos.
(ii) ej's tém a mesma varianca o2.
(iii) ej's s@o nao correlacionados.
e Na prética estas hipéteses nao sdo completamente satisfeitas.
e Qual o efeito de desvios das hipbteses na inferéncias?

e Desvios relativamente pequenos em (i) e (ii) causam efeito pequeno em relagéao ao valor
de F, enquanto desvios em (iii) afetam bastante F.
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ANOVA : Problema de Cobertura Total

e Considere o atendimento de m por facilidades que podem ser instaladas em n locais. O coeficiente de cobertura para o

cliente i e local j, cj = 1 se a distancia d,-/- entre um cliente i e um local j é limitada por dmax, € cj = 0, caso contrario

e Sejax; = 1 se uma facilidade ¢ designada ao local j, x; = 0, caso contrario.
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ABSTRACT

19%,2010.

“This paper discusses the comparison of two different heuristics for total covering problem. The total covering problem
is a facilitylocation problem in which the objective s to dentify the minimum number of stes among the potential sites
10 ocate faciltes to cover all the customers. This problem s a combinatorial problem. Hence, heuristic development to
provide solution for such problem is inevitable. In this paper, two different heuristics, viz. GA based heuristic and

P the best is suggested for

Keywords: Genetic Algorithm, GRASP, Total Covering Problem, Boolean Operators, Care and Share Operator

1. Introduction

Consider a sales region of a product, which in tum has
different customer regions. The company selling the pro-

duct should fix necessary number of dealer points such
that the customers in that sales region are fully served

‘The company may fix a maximum of say  km of dista-

nee for the customers 10 reach @ given dealer point from
his/her region (customer region). In this process, a given
customer may be covered by more than one dealer point.
“The objective is (o locate the minimum number of dealer
points in the sales n such that

Here, the process of serving a customer region by
dene ot i oveing it toner e by
that dealer point. The word “cover” means that the loca-
o afa cutomer i well within h give upper it for
the distance from a facility-location from where that cus-
tomer will be served. Here, the objective is to locate fi-
ilites at minimum number of sitcs to cover all the cus-
tomers. Such problem is known as total covering prob-
Tem [1].

means that 10 region in the sales region is beyond 5 ki
dese i lcsed,Basd ontis s
is defined as shown be-

Let ~1.if d, <Skm
ther

flicient for the customer
i and the potential dealer point j and d s the dis-
e between the cusiomer region i and the potential
dealer pointj. Based on this definition of covering coef-
ficient, the comesponding covering coefficient matrix is
shown in Table 2.

A careful examination of the Table 2 reveals that if

the potential site 1 and the potential site 3 are assigned
with dealers, all the six customer regions in the sales re-
gions will be fully covered. As per this coverage, the
potential site 1 will cover the customer regions 1,2 and 4
and the potential site 3 will cover the customer regions

“Table 1. Distance matrx of locating dealer points (distance
inkm)
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Fatores para o Problema de Cobertura Total

o Fator A : esparsidade do coeficiente de cobertura c;
(porcentagem de 1’s).

e Niveis : 16%, 18%, 20%, 22%, 24%

e Fator B: tamanho da instancia

e Niveis : 30 x 30,40 x 40,50 x 50,60 x 60,70 x 70,80 x 80.

e Fator C : Algoritmos

o Niveis: Algoritmo Genético (Alg:) e GRASP (Alg) .
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Modelo ANOVA

Y =+ A + B + ABjj + Cy + ACj + BCj + ABCjj + eji
e Yji : nimero de facilidades instaladas.
e 4 : média global.
e indices i, j, k representam os niveis dos fatores A, B, C.

e indice / corresponde a /—ésima replicacdo para o i—ésimo nivel do fator A, j—ésimo nivel
do fator B, k—ésimo nivel do fator C.

e Para cada combinagao /, j, k, tem-se 5 replicacoes.
e ey : erro aleatdrio associado aos indices i, j, k, /.

e Demais componentes do modelo representam os fatores A, B, C, e interagao entre eles.
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Resultados dos Algoritmos e ANOVA

e Valor Médio : Alg; = 6, 81

Vinicius A. Armentano - FEEC - UNICAMP - 2014

Algp = 15, 79.

164 Comparison of GA Based Heurisic and GRASP Based Heuristic for Total Covering Problem

Table 5. Responses (minimum number of sits assigned with faciltes) of factorial experiment for comparison of GA based
heuristic and GRASP based heuristic

Problem size (Factor By
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i o no1 w o s 7w m s s
2 sowoeow |
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Comparagao Valor Otima Solucao versus AG

Vinicius A. Armentano - FEEC - UNICAMP - 2014

‘mathematical model as presented in Section 3, which gives
the optimal solution. T is well known that solving any
mathematical model will be limited by its number of
variables and the number of consiraints, because of the
software which will b s 1 ol the prble of -
terest. So, in this section, problem .
52034 34 36 - 36, 38 38 and 40 + 40, cach
with five replications are considered for comparing the
performance of the GA based heuristic (Method 1) and
that of the model (Method 2). The Problem Sizes are
assumed to be the levels of “Factor A” and the Methods
are assumed to be the levels of “Factor B
“The corresponding ANOVA model i shown below.
A B AB ey

Y
wher,

x i the response (number of sites assigned with fa-
it o e 1 eplicaton for the i tratment of the
Factor A and the " treatment of the Factor

s the overall mean of the response.

Avs the effect on the response due o the i
o e Factor A

is the effect on the response due (o the " reatment
ofie Faor B

AB, is the cffect on the response duc (o the i treat-
ment ofthe Factor A and the " treatment of the Facior B

. the random error asociated with the K replica-
o e the ¥ wment of e Facor A s et
‘ment of the Fac

The e hpotheses relaing 0 s model are a5
tisted below.

Factor A (Problem Size)

Hy: There i no significant difference in terms of solu-
tion between different pairs of reatments of the Factor A
(Problem Size).

Hy: There s significant difference in terms of solution
between different pairs of tratments of the Factor A

" treatment

Method)

1 There i no significant difference in terms of solu-
tion between different pais of trcatments of the Factor B
(Method),

Hy: There is significant difference in terms of solution
between different pairs of treatments of the Factor B
(Method).

Factor A x Factor B: (AB,)

Hy: There is no significant difference in terms of solu-
tion between the different pairs of interaction between
Factor A and Factor B,

Hy: There is significant difference in terms of solution
between different pairs of interaction between Factor A
and Factor B.

A factorial experiment as per the above design was
carried out o find the minimum number of potential sites
which are to be assigned facliies under cach experimental

Copyright ©2010 Scikes.

Total Covering Problem 165

‘combination and such results (minimum number of po-
tential sites assigned with facliies to cover all the cu
tomers) are summarized in Table 7. The resulis of
ANOVA for the en ol cpeinent s
taedn Tabl B, Fom e Table, s e htall e
el o s e e respective table
jrowpst significance level of $%. Our prime concen
i to check the significance of the effect of the Factor B
(Method) on the response variable. The calculated F
value for the Factor B is 15283 as against the table
value of 4.09. Hence, the corresponding null hypothes

tomers. So, the performance of the GA based heuristic is
equivalent to that ofthe model for the assumed problems
of limited sizes.

Table 7. Results of GA based heuristic and model

Facor B (Mthod)

Crobiemsize) RO GA BBl gy
e it
T 3 3
2o ’ . |
s s s
0 s B
2 . s
seese B i i
s s s
s s s
2 3 s
0e36 3 i i
. s i
s s s
: s s
2 s s
e s . 3
. ’ B
s . .
0 . .
2 s s
wea B s 2
s . B
®
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Comparagdo ANOVA Solucio Otima versus AG

o Fator Método B; : Hipdtese nula € aceita, isto &, ndo ha diferenca

significativa entre os métodos.
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7. Conclusions

The total covering problem under facility location prob-
lem
number of sites to locate the faciltis to cover all the
customers. Since, this problem comes under combinato-
il category, in this paper, an attemp has been made to
develop heuristics and compare them in terms of their
petfornane. I h 1t s, te design of G bosed
is siven and i i followed by e design of
GRASP based heursic. Laer 3 complee factora o
perment has been conducied 10 compare he petfor-
ance of the two_ heuristics by assuming three factors,
Factor A (Percentage Sparsity), Factor B (Problem Size)
s Fator C (Algorhs) The Facto i
which are viz. 16%. 2t
The o B s i vt i s vie 39
30, 40 * 40, 50 % 50, 60 60, 70 70 and 80 * §0.
The Fator C i asumed with 2 evls, iich ars vi
Alg, and Al h experimental combination, S
Teplctons i caried out. Though ANOVA. i Found
that the GA based heuristic performs beter than the
GRASP based heuristc in terms of providing the solu-
tion for the total covering problem,

After having concluded that the GA based heristic per-
forms better than the other heuristic, in the next phase,
‘comparison is done between the solution of the GA based
heuristic and that of the mathematical model presented in
Section 3 for the total covering problem through a two
factor complete factorial experiment. In this experiment
five different problem sizes (32 32, 34 * 34, 36 * 36,
38 x 38 and 40 x 40) are considered. For cach problem
size, five replications are considered. By taking the
problem size as one factor and the methods of solving the
total covering problem (GA based heuristic and Model)

providing solution for the total covering problem. Hence,
it is concluded that the performance of the GA based
et e

R

number of variables and the number of constraints of a
‘model that can be handled by software. Finally. it is con-
eluded that the GA based heuristic performs better than
the GRASP based heuristic 1o solve the total covering
problem. Further, there is no significant difference be-
tuecn the GA bsed heeisic sad the el

i erms of providing solton for e il cov
ing pmhlnm for moderate sioe proble
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Abstract

“This pape
in which the setup times are sequer

endent. A discrete event simulation model of the job shop system s .mam« Tor the purpose

oF experimenation. Seen schedulng ruls o the Tnerature re incorporated i the somulaton model. Five new scup-orenied
scheduling rules are proposed and implemented. Simulation experiments have been conducted under various experimental conditions
. ed b X 4 Jes provid

ordinary rules

B performance rules
load and setup time ratio. One of the proposed rules performs beter for mean flow time and mean tardiness measures

2007 Elevier Lid. Al rights reserved.
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1. Introduction

Seheduling is the allocation of resources for performing
a set of tasks [1]. Resources may be machines in a shop

iy be aperations i a shop foor, akeofts nd landing i
an airport, stages in a construction project or computer
programs to be exccuted. Proper scheduling leads 1o
increased efficiency and capacity utiization, reduced time
required to complete tasks and consequently increased
profitability of an organization.

“The dynamic job shop scheduling problem (DISSP) is
described as follows [3]. The job shop consists of M
machines (work stations) and jobs arrive continuously over

fic set of operations that

specified sequence (routing) on
the machines and involves certain amount of processing
time. The job shop becomes a queuing system; a job leaves

one machine and proceeds on s route to another machine
for the next operation, only to find other jobs already
waiting for the machine to complete its current task, so that
a queue of jobs in front of that machine is formed. Hence,
DISSP essentially involves deciding the order or priority
for the jobs waiting to be processed at each machine to
achiove ‘the desired objectives. Scheduling rules or dis-
patching rules are used for this purpose. Blackstone et al
[4] have presented a review of dispatching rules that are
used in job shop scheduling.

One of the standard assumptions in DISSP is that setup
times arc included in the processing times. Setup involves the
st such s prepring 3 mactine or vorksation (o
perform the iachining operation. Setups may depend
pon h e of b h e of e of b, S e
is defined as the time interval between the end of pro
of the current job and the beginning of processing of the next
job. Setup time is encountered in manuficturing firms such
o pining. pasis mamicuring. meal ind cheicl
procssing paper o, . The tpicel casein DISSP s
times, where the sewp time

Tl s oras 22850,
Eano addess: sreedharaniteacin (R Sridhiran),

matter © 2007 Esevier Lt
0110.1016] rcm 200705 001

epents o th b previous procoued. A il eample
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Scheduling a Dynamic Job Shop with Sequence Dependent Setups

e O job shop consiste de M maquinas e tarefas (jobs) chegam continuamente ao longo do
tempo de acordo com um processo de Poisson.

e Cada tarefa tem um roteiro de operagoes realizadas em uma sequéncia de maquinas.

e Tempos de preparagao de tarefa sdo dependentes da sequéncia de tarefas e das
maquinas.

e 10 tipos de tarefas sdo processadas com probabilidade igual de ser designada como a
tarefa que chega.

e O numero de operacdes para cada tarefa € uniformemente distribuido no intervalo [5, 8].
O roteiro é aleatdrio, e uma maquina nao é revisitada.

e Tempos de setup, datas de entrega, e média de tempo entre chegadas de tarefas é
variado.
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rules. Using a scheduling rule, for cach of the machines, the
jobs 10 be processed are scheduled as follows [3]. When a
machine becomes free, it has 1o be decided which of the

priority value. The job having the highest priority.
which s defined by either the smallest or the largest priority
value is selected for processing next. In the present study,
Seven existing rules from the lierature are used. Five new

[E——
Sctsimuition clock -
e sven s

environment of the job shop operation have also been
proposed in the present study.
“The following notations are used for the deseription of

g itecag the scheduling rules:

Adva stonclck
10 the et event e index of the machine [or which the job to be
Wosxs;«:d next has to be selecte

T et whieh e oy s r et

i index of the job for which the priority values are
caleulated;

J- index of the operation of job i;

K s of opraion 1o be prforned on macines

[Ccnemmuine |

(ot ]

2 setup time of operation / of job i on machine m:
- processing time of operation / of job { on machine m;
d; due date of job i;

Z: priority value of job i at time .

Updae event
Generte faurecvens
i i o cven ot

‘The Scheduling rules are described as follows;
Existing rules:

1) FIFO: Firt n First Out
wher the ighes prioiy s givent he o
i Ve Cing e FIFO rle. the
i 212 oo . e ey e .t
achine.
(@) SPT: Shortest Prosing Tim
7 where the highest pnomy is given 10 the job *
A i the job with the shortest
processing time for the iminent operation is sclcted.
Fig 1. Flow chaetofsmlstion lgic 9 EDD Eaic Due Dt
2, = d; where the highest priority s given to the job i*
With Z, =min{Zli € Ny . ic. the job with the
311, Event routine modle smallest du date is selected.
ol onans the sbroutnes i e it ) EMDD: Earest Moditd Do Dae ]
Tollowing events thal characterize the opeation of the system. -

the highest
oy v e o i
(1) Arrival of a job to the shop. min{Z{li € Np. ic., the job with the smallest modified
(2) Departure of a job from a machine. due date is selected.
6 R Crt Ra
):

3.1.2. Job scheduling modile p. whes e s piity i
i e comums sbroutins 10 deal wih he  shen o he o iz Vol i e
chedling of b on machines asing varows sheduling Job with the smallet e a i s

98



Regras de Despacho

Vinicius A. Armentano - FEEC - UNICAMP - 2014

V. Vinod, R Srdharan | Robotics and Computer-Integrated Manufucuring 24 (2008) 435449 w0

© SIMSET: Sbtiar SETup (15

v thehihetprioity s ghen o theob
With Z, = min(Z]}i N}, ie. the job with the
smallest setup time is selected.

(7) JCR: Job with similar setup and Critical Ratio [15].

Select 4 job identical to the job that just finishes
processing on the machine. When there is no identical
job, select a job with the smallest ritical ratio.

The following are the new setup-oriented scheduling
Fules proposed in the present study

) SSPT: Shortest (Sctp time - rocesing Tine)

Z; = pf =+ 3, where the highest prioriy is given 1o the

job i* With Z{, = min{Z{li € N} i the job with the

smallest value of the sum of sefup time and processing.
time s selected.

JSPT: Job with similar setup and Shortest Processing

Time.
Select a job identical to the job that just finishes
processing on the machine.

When there is no identical job, select a job with
the smallest processing time for the imminent
operation.

(3) JEDD: Job with similar sctup and Earliest Duc Date.
Selcet a job identical to the job that just finishes
procesingon the machine, Wi hers is 1o identicl
job, select a job with the carliest due

@ JEMDD: Jo ith sl stup and Farest Modied

e Da
St & ob idenical 10 the b that st fishes
processing_on_ the  machine. - When there is no
idencal ob. et 3 job ith he suen modited

due
() JSSPT Job with st seup and Shorest (St
time + Processing Time),

Seleet 4 job identical to the job that just finishes
processing on the machine. When there is no identical
job. select a job with the smallest value of the sum
of sctup time and processing time for the immincnt
operation.

3.1.3. Report generation modle
This module performs the task of consolidating
the output of the simulation model to present results

Setups. These performance measures are described as
follows:

(1) mean flow time, £: it i the average time a job spends in

F=H/u]|:§‘:F,:|.

(2) mean tardine:

T=l'/ﬂl[2”;'h},

T itis the average tardiness of a job

(3) mean setup time: it is the average time spent by a job
for the setup;

(4) mean number of setups: it is the average number of
setups encountered by 4 job during its processing
through various machines in the shop:

where C,is the completion time of job i: a; the arrival time
of job i; d the due date of job i n the number of jobs
completed during the time interval from steady state period
o simulation ending time; F; the flow time of job i;
F 7, the tardiness of ,m, max {0.L)
(L, = lateness of job i: L, = C;

These performance measures are determined using the
simulation output after the shop reaches steady state.
Welch's method described by Law and Kelton [24] is used

considered for the computation of performance measures.
3.2, Verification and validation of the simulation model

Since the present study involves a conceptual job shop
system, a muli-level verification exercise was performed to
ensure correct programming and implementation of the
conceptual model using the following steps.

(@) Debugging the program.
b Checking the incrmal logic of the modules o the
odel,

(© Compring the model output with the information
d from a manual simulation using the sume

data

(4) Running the model under dierent sttings of the input
parameters and checking whether the model behaves in
a plausible manner.

4. Experimentation

Using the simulation model as an engine for experi-
mentation, a number of experiments have been conducted.

setup times are sequence dependent. The details of
experimentation are provided in the following scctions.

41, Hentification of steady state

The first stage in the simulation experimentation is
determining the end of the initial transient period
(identification of the steady state). For this purpose,
Weleh's procedure described in Law and Kelton [24] is
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used. 11 is @ graphical procedure consisting of plotting
moving averages for the output performance measures.
The end of the initial transient period is the time at which
the moving averages approach 4 level value. For this
purpose, a pilot. simulation study was conducted in the
present study. Ten replications were made. Each replica-

date tightness factor: 5; ratio of mean setup time 1o mean
processing time: 30%; scheduling rule: FIFO. The perfor-
mance measures such as mean flow time, mean tardinss,
mean number of sctups and mean setup time were
determined. It was found that the moving averages for all
the performance measures approached a level value when
250 jobs were completed.

4.2, Hdentifying different scenarios for analysis

In the present simulation study. the first experimentation
(scenario 1) involves the following settings: Mean inter-
arrival time of jobs, a: 27 min; due date tightness factor, :
5: ratio of mean setup time to mean processing time, 5
30%; scheduling rules: seven scheduling rules from the

e

Ten replications are performed for cach experimental
setting. The simulation for cach replication is run for 1250
job_completions. Jobs are numbered on arrival at the
system and the simulation output from jobs numbering
1250 s discarded. The outputs for the remaining 1000
jobs (jobs numbering 251-1250) are used for the computa-
tion of the performance measures.

5. Results and discussion

For each scenario the simulation results are subjected to
statistical analysis using the analysis of variance (ANOVA)
procedure in order 1o study the effect of experimental
factors on the performance measures.

Table 1
Experimental setings for the secnaios

In scenario 1, the scheduling rule is the only factor and
hence, one-way ANOVA has been carried out. For
scenarios 2 4, two-factor ANOVA method is adopted. In
performing statistical _analysis, the simulation results
pertaining to each replication have been accommodated
in cach treatment combination (cell). ANOVA-F test has
been carried out to determine whether the treatment means
are significantly different from cach other. The least
significant difference (LSD) method was used for perform-
ing pairwise comparisons in order to determine the means
that differ from other means. The null hypothesis (Ho) is
that all e ae cqual. The allrnae pothes (1) i
that at least two means are significantly different. Al the
Lo e conducted o 37 ve ot snifcance, Valn
that are not significantly difTerent are grouped. The results
oblained and thie anlycs ae rescatd n the folloving

S.1. Results and discussion for scenario 1

Seenario 1 represents the base case wherein the purpose
ofamays s 10 metigate the parformance of sl

s in sequence-dependent job shop environment, A first,
e average values of the performance measures are
analyzed. Then, statistical analysis using ANOVA and
means test are presented.

L1 Analysis of means

The experimental settings for the scenario 1 are as
fallows: mean Inercival e of fbs, a=27min, due
date tightness factor, k d setup time ratio s = 30%.
For cach of the 12 cheduling rle. he simultion output
for the 10 replications is averaged. These average values are
presented in Figs. 2-5.

SILL Mean fiow rime Fig. 2 shows the simulation

rules provide smaller values for mean flow time. It is
reported in the literature [21] that SIMSET perfors best
for mean flow time when the setup time of jobs arc
sequence dependent. But, the present study shows that
SSPT is betier then SIMSET for mean flow time.

Scemrio Experimental sting Purpose of investiation
Meun interareval  Setup me ratlo (%) Due date dghiness
time fctor
T Fl 0 s Buse cas e e o el s
2 E: 0.30.40 H Analye the elfectof hangng seup tms
3 0 550 vl he et of du dute iginesTcor
3 E 0 H Anale the elfctof hanging shop load (1. changing

mean inerarival tme of jobs)

100



Cenario 1 de Experimento - Fator: Regra de Despacho

Vinicius A. Armentano - FEEC - UNICAMP - 2014

. Vi, B Sviaran | Roborcs and Computer-Inespased Manufucaring 24 (2005) 435 449 I

Mean Flow Time
g
+

o & S & & Lo
L& LS S

Schoduling Rule

S ®F &
P S S
CE

e 2 M o e = 5,5 =

i

S

E

s

i =] n]

e P L PF £
L &L LS & & S
LELF S LS LPE S
Seheduling Rule
v

[ u g

H
O f S S E A LR PP
LLLFT LSS LIS

Schoduling Rule

Fig. 4. Mean stup i (k= 5 5= 3

e,

Mean No.of
Setupsidob

O S P E L L
CEL L SE S £
< & S E

Schaduling Rule

S o F &
5 & S
A

Fis. 5. Mean number of setupob (k = , = 30%).

Tt can be observed that the setup-oriented rules such as  due date based rules (EMDD, JEMDD) perform betier
JEDD, JEMDD and JCR perform better than ordinary  than their counter parts EDD, JEDD which do not update
rules such as EDD, EMDD and CR. Also, the modified  the due dates dynamically



Cenario 1 - Resultados de ANOVA e LSD

e Testes conduzidos em um nivel de significancia de 5%.
e Valores que nao sao significantemente diferentes sao agrupados.

e Tabela 2 : 10 replicagdes da simulacao - ANOVA, para cada medida de desempenho,
determina se as médias sao significantemente diferentes entre elas.

e Em todos os casos, existe uma diferenga estatistica entre médias de medidas de
desempenho de uma regra de despacho para outra a um nivel de confianga de 95%.

e Para determinar as médias que sao significantemente diferentes usa-se na Tabela 3 o
método de comparagao entre pares da diferenga estatistica minima (least significant
difference - LSD).
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Diferenca Estatistica Minima (Fisher, 1935) - LSD

A identificacao de um resultado significativo por ANOVA indica
que pelo menos um grupo difere dos outros grupos. Mas, este
teste "6nibus” nao indica quem sao os grupos distintos.

e ANOVA é entao seguido por comparacao entre pares de grupos.

e Primeiro teste (LSD) entre pares de grupos proposto por Fisher
em 1935, usado quando ANOVA F ¢ significante.

e A LSD calcula a diferenga entre médias de todos os pares de
grupos com o teste t, e declara significante qualquer diferenca
maior que LSD.
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Diferenca Estatistica Minima - LSD

e Considere Agrupos, i=1,... A

e n; : numero de observagoes do grupo i. Se todos os grupos tem o mesmo tamanho, este
numero é denotado S.

e N : nimero total de observagoes.
e M; : média do grupo i.
e MSyy : média do erro dentro do grupo.

e MSp : média do erro entre grupos.
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Diferenca Estatistica Minima - LSD

e Quando a hipotese nula é verdadeira, o valor da estatistica t entre grupos i e j
M; — M;

msw (5 + 7)

1

t= i#]

segue uma distribuicao de t-Student com v = N — A graus de liberdade.

e A diferenga entre os grupos i e j € significante em um nivel o se
1 1
[Mj — Mj| > LSD = ty,a | MSw | — + —
n;j nj

e Quando o nimero de observacdes é igual a S para todos os grupos

/ 2
LSD = v,alpha MSW§

A(A—1)

e Este procedimento ¢ repetido por =~

comparagoes.
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Diferenca Estatistica Minima Modificada - MLSD

e O nivel de o ndo é corrigido para multiplas comparagoes entre pares.
e Pode entao indicar uma diferenca significante entre pares, quando isto nao é verdade.
e \Versao revisada de Hayter (1986) corrige isto.

MLSD = g g1/ Vot

® g, 4—1 : nivel a para a distribuicdo de Student com faixa A—1ev = N — Agraus de
liberdade.
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1.2, Mean tardiness. Mean tardiness is a due date
related performance measure and hence it has implications
on average customer delivery performance. The perfor-
mance of various scheduling rules for the mean tardiness
‘measure is shown in Fig. 3. The SSPT rule performs best.
As observed for the mean flow time measure. it is found
that the SSPT rule outperformed SIMSET for the mean
tardiness measure also.

Among the due date based rules, JCR provides lower
values for mean tardiness, since it makes use of the due
date data in addition to setup time data

5.1.1.3. Mean setup rime. This measure is a setup related
‘measure. It d: d for setup
activities in processing  job. Fig. 4 depicts the perfor-
mance of the scheduling rules for the mean setup time
measure. 1t is found that SIMSET rule outperforms all
other rules. The second best rule in many cases is JCR rule
followed by JSSPT rule. As expected, the non-setup-
oriented rules such as FIFO, SPT. EDD, EMDD and
CR lead to higher values for mean setup time of a job.

51,14, Mean mumber of setups. Fig. 5 shows the results
for the mean number of setups per job when different rules

ubic 2
ANOVA resulsfor base e

are used for the scheduling decision. It is found that JCR
rule provides smallest value for mean number of setups per
job. Setup-oriented rules such as SIMSET, JSPT, JEDD,
JEMDD, JCR and JSSPT rules perform better than non-
Setup-oriented ruls.

5,12, ANOVA results

Using simulation results for 10 replications, ANOVA-F
test has been carried out for each performance measure o
determine whether the means are significantly different
from cach other. These results ar shown in Table 2 for the
performance. measures such as mean flow time, mean
tardiness, mean setup time, and mean number of setups. In
all cases, since the P-value of the F-testis less than 0.5,
thee i 4 sattally sinifieant diflrence betwen the
mean performance measures from one scheduling rule 1o
e level. To determine the
s that e anifcantly diftaent fom ot means, e
LSD method of multiple co sed.
ety abtsind usin the LS et re shown in e

SD st groups te s nto e sgnifcanty

different groups labeled L ¢ for mean flow time, six
roups labeled a, b, . d. . o e e, cight groups
labeled a,b, ¢, d. . £, g, hfor mean setup time and five groups

Performance messure Soure of varation Sum ofsquares Mean square Faaiio

Mean flow time S o oas04Es s621550 e 000
Witkin 2sim02es s

Mean tardiness Between groups sore2Es sasito sl o000
Within groups 17255486 160050

seup e Between groups s 61101 12 o000

Within groups S1a69% 200387

Mean numbersctups job. Between groups w2 1025 0000
Witk groups 243

“Denote  ratos signifcant

——

Table 3
Results for muliple egression base case (seemario 1)

Sheduling e Mean flw time ‘Mean tardiness

Mean seup time ‘Mesn mumber of setups.

Hro e

st
SIvSET
IsPT
JEDD
JEMDD.

icr
ssser e

For cach peformance measure, values with the same lte are ot found signficanly difrent from each o
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Tabled
ANOVA results for two-wy analysis for scenio 2
Source of varition Forto for performance measures
Mean low time Mean tardines Mean seup tme. ‘Mesn umber of setups job
Main ffcts
A schedulin ruke 1075t 91940 3507 S0
B:seup time ratio 105 8320 08" e
Ineraction AB 456t 7 21290 0

“Denotesf ratios sgnifcant at % sgnifcane v

labeled ., b, ¢, d, € for mean number of setups. For the mean

fardines messes, SSPT rle proviesthe sl vl
The SIMSET rule for: e wrow laled - (ht
demotes it superor peommance fo the méan setup

s, The eup-ancnted rles such s JCR, JEDD 4nd
JEMDD provide smaller values for mean number of setups.

5.2, Results and analysis for scenario 2

n this scenario, three different setup time matrices for
cach of the cight machines in the shop are used to
favestigate how the sysem performance  affcted when
the ratio of mean sclup time o mean processing time
changes. Simulation results are obtained for the two-factor
experiments wherein the 12 scheduling rules form the first
factor and the three levels of setup time ratio (s = 20%,
30% and 40%) form the second factor. Ten replications are
made for each of the 36 simulation experiments arising out
of the combination of 12 scheduling rules and three setup
time ratios. The results of two-factor ANOVA are shown
in Table 4.

The main effects (scheduling rule, sewp time) are
significant for all the performance measures. The interac-

time and mean tardiness are shown in Figs. 6 and 7.
respectively

As evident from these figures, there s an increase in the
performance measure values when the setup time ratio is
increased. However, it is found that the rate of increase is
smaller for the setup-oriented rules when compared to
ordinary rules. The proposed rule, SSPT performs better
than SPT rule for the measures such as mean flow ime and
mean tardiness when the setup time s fixed at 30% or 40%

5.3, Results and analysis for scenario 3

The total work content method has been used in the
present study for setting the due dates of jobs. The due date

Interacton Plot

200

ano b,

1200 b - seoo /4

mean_flow_time

3
2 % W
setup time
Fie 6 Gon plo fo scnario 2 mean low tme.
Interaction Plot
1500

m..n_..mm..,
R
PhEFEE

sotup time

Fig 7. Iteaction plot for ssnario 2 mean ardiess.

of each job is set equal to the sum of the arrival time and a
multiple (due date factor, k) of the total processing time. In
the base case (scenario 1), the due date factor is set equal to
5. In order 1o investigate the effect of due date tightness,
the due date factor has been set at 3 and 7 to represent tig

and loose due date ctively. Simulation experiments
are conducted using a two-factor full factorial design. The
experimental factors are job-scheduling rules (12 rules) and
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Modelo de Regressao para as Trés Melhores Regras

e Coeficiente de determinagéo R?

Vinicius A. Armentano - FEEC - UNICAMP - 2014

a6 V. Vinod, R Sridharan | Roborics and Computer-ntcgrated Manfocnuing 24 (205) 435 449

formuating metamodel Herc, th thec scheduling rles
are modcled by two-indicator variables x, and x. These
variables take values 0 or | as defined below.

If the observation is from SSPT rule
I the observation is from SPT rule
I the observation is from JCR rule

The setup time ratio is a quantitative variable and it is
modeled by the variable x3. Significant interactions
between scheduling rule and setup time ratio have been
observed as described in Section 5.2. Hence, the cross
product terms involving the indicator variables and the

‘metamodel has been formulated as follows:

¥ = B+ fixt + Baxa b s feniad + v e, (3)
s 1 s the performance measurs o the constant ot

intereept: . 2 to the main

the model, from which the significance of the postulated
metamodel known. Multiple lincar regression
analysis of the simulation results provides the cstimates
of the regression coeflicients of the independent variables
in the metamodels. The following observations are made:

() Thecoffient o dtcrmimtion R for the metamodels
u performance measures has 4 high value.

variables, namely the scheduling rules and the setup
time ratios.
(2) The regression metamodels are also found 1o be highly
ficant since the P-value (0.0000) is less than the
iznificance level, 0.0
(3) The coeffcient of determination R and the adjusted R*
values are very close implying that the model has not
been over specified by including terms that do not
tribute meaningfully to the fi.
9 The adequcy of the modls b o verifed g he
sl plots. Plots of the residual values versus the

Tt of schadulng ks the couliiets corresponding
10 the main cffect of setup time ratios; i, s the coeflicients
corresponding o the interaction effeet of scheduling rules
and setup time ratios; e the error.

There are nine simulation experiments arising out of the
combinations of scheduling rules and setup time ratios (3
scheduling rules x 3 sewp time ratios). For cach
combination, simulation results are available for each of
the five performance measures (simulation results from
scenario 2). Multiple linear regression analysis has been
carried out using the simulation results for getting a set of
five metamodels, one corresponding (o each performance

he ANOVA results for the
‘metamodels are shown in Table §,

5.6.1. Results and discussion

Table § provides the ANOVA results for the metamo-
dels. The explanatory power of the metamodels can be
inferred from the value of the coeficient of determination
R obtained from the ANOVA for the whole model. This
analysis also provides the P-value (probubility value) for

bl &
Results of anslyss of varisnce for the metamodel

d values were made. These plots

et found o b ving o paterns impling it

there abvious model

() Sl nfrenecs Hane e e by ploting the
residual values against the corresponding values of the
independent variables and by plotiing the residual
values on the normal probability paper.

These inferences reveal that the metamodels deseloped
‘adequately model the simulation model and thus can be of
considerable interest for further application.
“The metamodels obtained using the estimates of regres-

sion coeflicients are as follows:
mean flow time = 466.6330 — 132.6820x,

+1922190%; + 647.5970x;

+ 46518003, +94207500xs, (4)

mean tardiness

6.4485 — 1113120,
— 14186703 + 142.5250x;
+ 5489005 33 + 100860007, (5)

Performance Souccor  Sumolsqures  Mean squares

Mean flw time Model AT 9574590
Enor L19siEs s

Mean tardiness  Model To690.0 1533980
Enmor 020030 w58

Mean setup ime Model 1552 194316
Ermor 71896

Mean number of  Model 20 pesin

seupsjob Emor [ o133

Frto | Puale  Cocimtol  Adused £
determination K

s omm s 9189

W omm man ST

a0t omm 963 960999

At oo esis sasssl
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Validagao do Modelo de Regressao

e Desvio dos valores preditos em relagao ao resultado de simulagao esta dentro de 5%.

Vinicius A. Armentano - FEEC - UNICAMP - 2014

. Vinod, R Srdhara | Robotics and Compute-Intsgrod Monufucuring 24 (2008) 435449 w

mean setup time = 5.6839 — 409295, — 47249,
998487 + 35528005
— 22044231, ©

5.6.2. Validation of metamodels

In order 10 test the validity of the metamodels developed
input values for the independent variables that fall within
the domain of definition of Eqs. (4)(7) are used. For
s fived a1 0.20.0.30 and 0.40

mean number of setups
— 08511 = 0.6179x;
—0.0532x15; - 0.7027xaw,

Table o
Validation esuts of the metumodels

for constructing the metamodels denoted by Es. (4)-(7).
Different values of setup time ratio in the interval 0.2-0.4
are chosen and used as inputs 1o the simulation model
when the three scheduling rules are used. The performance

Scheduling rule_ Performance measure Error deviation (%)
sser Mean flow time 2 @206 005
EY 4196 e
2 %6 o
o @ ey
Mean tardiness 2 065 o
EY 7636 ok
» 0206 o33
E a6 k0
Mean setup time 2 2065 a9
EY 16 s
2 B o2
E e os
Mean number o stups 24 s e
2 00 oo
2 i oo
% s o10
ser Mean flow time 2 st s
EY 2430 “noso
2 5007 o017
E it “oms
Mean tardines 24 s564193 s e
EY 137798 e o3t
2 6 14478 o
% 165 1225 nos2
Mean seup time 2 34003 B o
B 027447 50 o0
z ey e oo
k i 03 o1s
Mean number of stups 24 490 o0
Y ey o
2 a5 o
3 pre 007
icr Mean low time. 2 14037 oot
B 110396 2
2 116755 o
3 JEen o
Mean tardiness 2 17085 ook
Y pirey Zoon
2 w204 oot
3 0508 Coow
Mean seup time 2 239 o
Y 30 s
» 221 o
F 3611 ooi7
Mean number o stups 24 a5 S0
EY s s
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Testes nao Paramétricos (Livres de Distribuicao)

Vantagens

e Requerem poucas hipéteses da populagao.

e Sao aplicaveis em muitas situagdes que procedimentos da teoria
normal ndo podem ser utilizados.

e Muitos procedimentos nao paramétricos requerem somente a
classificacao (rank) das observagoes e dispensam a magnitude
das observacoes, que € requerida por procedimentos
paramétricos.

e Enfoques ndo paramétricos podem ser usados em situagoes
muito complicadas em que a teoria de distribuicao necessaria
para apoiar métodos paramétricos € intratavel.
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Teste de Wilcoxon com Ranks Positivos ou Negativos

e Seja X uma variavel aleatéria continua com distribuicao simétrica.
e Seja M a medianade X com P(X < M) =P(X > M) =1/2.

Se a funcao densidade de probabilidade é simétrica, a mediana é
igual a média. Se nao é simétrica, usualmente, ndao sao iguais.

Vamos apresentar um teste para

Ho:M=My versus H;:M=#*M, (ouM< MyouM > M)

a partir de uma amostra Xj, ..., X,.

Exemplo: Se U e V tém a mesma distribuicao, entdao X = U — V
tem uma distribuicao simétrica centrada na mediana com valor 0.
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Caélculo do Teste Estatistico de Wilcoxon

e Sejaumaamostra X;...X,:1,1; 8,2; 2,3; 4,4; 7,5,; 9,6. Amediana My =5¢
plausivel para esta amostra?

e Calcule Xi — My, i=1,...,n.

e Ordene | X; — My| do menor para o maior valor e associe ranks 1,2,...,n.

0 se Xi — My <0

ia R: k Xi — M, fina Z; =
Seja Rj o rank de |X; — M| e defina Z; {1 se X;— My >0

e Calcule o teste estatistico W = Z; Ry + ... + ZnRp.

i Xi Xi—-My R Z

1 1,1 -39 5 0 n=6

2 z’i 3é27 g (1) |Xi — Mp| ordenado do menor para o maior valor
’ o 0,6; 2,5; 2,7 3,2; 3,9; 4,6

4 44 -—0,6 1 0

5 75 25 2 1 W=4+2+6=12

6 9,6 4,6 6 1
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Teste de Wilcoxon com Ranks Positivos ou Negativos

e Objetivo: Comparagao entre duas heuristicas aplicadas a n instancias, totalizando 2n
observagoes.

e O valor da fungao objetivo da instancia i obtido pelas heuristicas 1 e 2 é representado por
XieVY,i=1,2,...n

Instancias Heuristica 1 Heuristica 2

1 Xi Yi
2 Xo Yo
n Xn Yn
e Hipoteses:
e Seja Z; = Y; — X;. As variaveis aleatérias Z;,i = 1,2, ... n séo independentes.
e SejaZ;,i=1,2,...numa amostra da funcédo densidade de probabilidade f(z) que é

continua e simétrica com mediana zero.
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Teste de Rank Wilcoxon

Deseja-se testar
HO N MO = 0

versus

H1ZMO¢O

e A estatistica de rank com sinal de Wilcoxon é baseada nos desvios de |Y; — Xj| em
relagao a zero, e nao depende da magnitude dos desvios.

e O menor valor de |Y; — X;| tem rank 1, o segundo menor tem rank 2, e assim por diante
até n.

e Associado ao valor de cada rank R;, defina um indicador de sinal Z; =0se Y; — X; < 0e
Zi=1seY;—X;>0.

o A estatistica de rank com sinal de Wilcoxon é definida como
n
W=>"ZnR
i=1
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Teste de Rank com Sinal de Wilcoxon

Proposicao
A distribuicdo de probabilidade de W quando Hy verdadeira é dada por
1

P(W = w) = fu(w) = 550(w)

Demonstracao

n
Quando Hy é verdadeira, a distribuicao de W = Y~ Z;R; é equivalente a distribuicao de
=1

n
U= > Ui emque U; = 0 com probabilidade 1/2 e U; = 1 com probabilidade 1/2.
i=1
Portanto,

1
P(W =w) = fw(w) = 5c(w)
em que c(w) é o nimero de formas de designar 1’s e zeros aos n inteiros de forma que

n
> ZiRi = w.

i=1
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Distribuicao da Estatistica do Teste de Wilcoxon

Distribuicao de Probabilidade de W para n =4

w fwlw) = P(W = w) 1 2 3 4
0 & 0 0 0 0
1 = + 0 0 0
2 += 0 + 0 0
5 2 {+ + 0 0}
e 0 0 + 0
. , {+ 0 + 0}
e 0 0 0 +
+ 0 0 +
: { |
0 + + 0
p N {Jr - + 0}
1o 0 + 0 -
; 2 {+ + 0 +}
e 0 0 + +
8 % + 0 + b
9 75 0+ 4+ o+
1
10 % o+ o+ o+
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Distribuicao da Estatistica do Teste de Wilcoxon

Distribuicao de Probabilidade de W paran=1,2,...,16

H H Al \H
H m ‘r,.n Vh

mmmum AdA
A i A A
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Média e Varianca de Wilcoxon

Proposicao
e Quando Hy é verdadeira, a média e a variancia da distribuicao de probabilidade de W sao

dados por
n(n+1)

EW) = ==,

n(n+1)(2n+1)

Var(W) = o1

e Para n > 12, a distribuicao de

w’ W — E(W)
v/ Var(w)

aproxima-se da distribuicdo normal padrao N(0, 1), ver Hogg e Craig, 1970.

e Quando ocorrem g empates em um desvio nao zero, o desvio padréao da aproximagao da
normal é

n(n+1)@2n+1) »g®-3g
24 48

(Estou a caga da demonstragao deste resultado.)
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Teste de Rank de Wilcoxon

Demonstracao

E(W)=E <zn: u,-) = En: E(Uy)
i=1 i=1

n n .
1 .1 i n(n+1)
:E [0 S :2:7:
;:1( 2! 2) 2 4

i=1

n

Var(W) = Var(U Z Var(U

i2 A\ 2 )
Var(U)) = E(UF) - [E(U,-)F:'z‘(é) =%

Var(W) = Xn:f:Z[ +1L(2”+1)}
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Exemplo:

Vinicius A. Armentano - FEEC - UNICAMP - 2014

Instéancias Heuristica 1  Heuristica 2

Xi Yi
1 30 39
2 26 11
3 31 49
4 44 20
5 56 72
6 37 10
7 39 70
8 75 88
9 20 20
10 47 12
11 8 35
12 12 42
13 22 49




Teste de Rank de Wilcoxon

Exemplo
Diferenca |Diferenga] Rank Rank com Z; R;Z;
|Y; — Xil R; Sinal
9 9 1 1 1 1
—15 15 3 -3 0 0
18 18 5 5 1 5
—24 24 6 -6 0 0
16 16 4 4 1 4
-27 27 8 -8 0 0
31 31 11 11 1 11
13 13 2 2 1 2
0 0 Ignore - - —
-35 35 12 —12 0 0
27 27 8 8 1 8
30 30 10 10 1 10
27 27 8 8 1 8

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Teste de Rank de Wilcoxon

e Note que a diferenga | Y; — X;| = 27 ocorre 3 vezes no sétimo lugar, apos o rank 6. O rank
associado a estes empates é (7 +8 +9)/3 = 8.

e Desta forma garantimos que a soma dos ranks é n(n+ 1)/2 = 78, que é o valor da soma
ranks 1+ 2 + - - - + 12 correspondente ao valor maximo de W = 312, R;Z;, quando todos
os valores de Z; sao iguais a 1.

e Para o exemplo, W = 3", R;Z; = 49.

e Para um nivel de significancia exato o = 0.052 a regiao critica da distribuicao de W em
que a hipotese Hy é rejeitada é C = {w : w < 14 ou w > 64}. Como W = 49, a hipbtese
nula Hy nao pode ser rejeitada.
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Teste de Rank de Wilcoxon

e SejaW = W;aEr((%) e considere o uso da distribuicao normal.

e Em um problema de minimizagao, a heuristica A € melhor que B se
e H:A—B>0 Hi:A-B<0

e Hy é rejeitado se Py, < —0,05.

e Em um problema de maximizagéo, a heuristica A é melhor que B se
e H:A—B<0 Hi:A-B>0

e Hy é rejeitado se Py, > 0,95.

e Para este exemplo, o valor-P é 0,001 << 0, 05.
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Comparacao de Multiplos Algoritmos
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1. Introduction

procedures, which provide to the researcher a practical tool o use
‘when the previous assumptions cannot be satisfied, especially in

In recent years,

are employed i

I this paper, the use of several nonparametric procedures for
pairwise and muliple comparison procedures is llustrated. Our

10 dcide when one lgoith s considere beter than another
“This task, which may not be tivial, has become necessary to con-

ment,or not, over the existing methods for agiven problem.

« To give a comprehensive and useful tutorial abou the use of
sonparametri statistical tests in computational intelligence,
using tests already proposed in several papers of the litera-
ture [2-5]. Through several examples of application. we wil

i be categorized into two clas etric and nonpara-

e, depending on the concrere type of s employed 11

Parameric cests have becn commonty used 1 the anayss of
Unfortunately,t

based on assumptions which are most probably violated when
analyzing the performance of stochastic algorithms based
computarional inteligence [2,3] These assumptions are known
as independence, normaliy, and homoscedasticty. To overcome.
this problem, our interestis ocused X

‘work can improve the way in which esearchers and practition-
ers contrast the results achieved in their experimental studies.

« To analyze the lessons learned through their use. providing 3
wide list of guidelines which may guide users of these tests
when selecting procedures fo a given case of study.

For each kind of test,a complete case of applicaion is shown.
A contest held in the CEC'2005 special session on real parameter

 Comesponding uthor: Tl +34950 4055, x4 358 24317

(publicly availabe; see [6]). considering several well-known do-

will be used to compare several evolutionary and swarm intelli-

221065025 - s oo e ©2011 ki BV All-ghts reseved.
101016 swevo 201102002
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Benchmark e Algoritmos

e Benchmark com 25 instancias com 10 varidveis em otimizagdo continua e 9 algoritmos heuristicos

Vinicius A. Armentano - FEEC - UNICAMP - 2014

4 1 Dmacer L. Swarmand Evluionry Computain 1 (2011)3-18

Todo o this paper s ogaioed s flows,Section 2 shows
red for the spolicaton of

the statstical methods and ives some preliminary backsro
escribes the nonparametric estsfor paise compar
sons. Section 4 deals with multiple comparisons by designating
a control method, whereas Section 5 deals with multiple com.
parisons among all methods. Section 6 surveys several recom-

Finally,Section 7 concludes thi tutoril.
2. Preliminaries

Inthisctin. the benchmar funcions (Secton 2.1 and the
lutionary and swarm intellgence algorithms considered for
urcase of Study (Secton 2 are presented. Frthermare, some
3
providing the necessary background for properly presenting the
statistcal procedures included n this tutorial,

21 Benchmarkfunctions: CEC2005 spcialession onreal parameter
optimization

h this paper, the results obtained in a experimental
study regarding 9 well known aigorithms and 25 optimization

PS0: A classic Particle Swarm Optimization [7] model for
mumerical optimizaion ha ben consdered The paramecrs
m 09 to 04, Population is
ooy 100 i
« IPOP-CWA-ES: IPOP-CMA-ES s . restart Covariant Matrix
Evluonaty Stategy (CUA-ES) with nresing Popultion
Size [8].This CMA-ES variation detects premature convergence
and launches o restrt sty thac Soubles the population
sie o each et by nreasingthe poplat size, the
Search charactnstic bucomes more g0 ol aer cach
hichempowers th operationof m= AES an o
encton ot s asorthm. we e condered the ot
rame randomly ch

from the domain, and the nital distribution size is  third of
the domain size

« CHC: The key idea of the CHC algorithm [9] concerns the
combination of a selection strategy with a very high selective
pressure and several components inducing a strong diversity.
In {10, the riial GHC model was extended to del with
real-coded chromosomes, maintaining its basis as much as
possble We have teted it uing 3 reaparameter crosover
operator, BUX-a (with o = 0.5), and a population size of 50
chromosomes.

o SSGA: A eal-coded Steady-State Genetic Algorth specifically

b used to show sgiicant sascal diferences amn the
ferentalgritins ofhe

ik o, e have selectedthe 25 test roblems o
dimerson

of oper
0.5)and the negative assortative mating strategy 11] Diversity
is favored as well by means of the BGA mutation operator [12].
o SS-arit & SS-BLX: Two instances of the classic Scatter Search

functions.
5 unimodal functions

- F1: Shifted Sphere Function.

- 2 Shifed Schwefels Proiem 12

with the arithmetical combination operator, and the same
model using the BLX-« crossover operator (with
¥ E-Bin: We have considered a classi

T Shed Schmelers b 13wt s g,
- F5: Schwefefs Problem 26 with Global Optimurm on Bounds.
20 multimodal functions
= 7 basc functions
Shifted Rosenbrack's Function.
£ Shifed Rorted rewank Fanction without Bounds.
« FS: Shifted Rotated Ackley’s Function with Global Opti-
mum on Bounds.
+ F5 Shited Rastrigins Fnction.
+ Fo:

mnsmatm Tespecchy na e popion e v 10D s

SabE St adapive Dfeenta Evluon 1615 ifretal
Evolution model which can adapt its CR and F parameters for
Cohante s el s mode the papution e o b
fixed to 100 individuals.
Allthe lgorithms have been run 0 imes fo eah test uncon.
Each run stops eicher when the rror btained i s than 10-%, or
‘when the maximal nurmber of valuatons (100000) is schieved
1 thezs

L Shied

« F12: Schweel’ problem 2,13
- 2 expanded functions.
F13: Expanded Extended Griewanks plus Rosenbrock's
Function (F8F2)
« Fld: Shifted 5.

23, Some basic concepts on iferential statistics

Single-problem and muli-problem analyses can usually be

~ 11 hybrid f Each one (F
10 0utof the 14 i

imens, both in isolation [17] and simultaneously [15]. The first

(diferent in each case),

eral runs of the algorithms over a given problem, whereas multi-

p
m never be found in the cenerof the search spce n o
functions in cition, the optim capno be found i the
o idon o, e o o e s nr e (e
optimanisout of th rangs o tiaization).

22, Evolutionary and swarm intelligence algorithms

Our main case of study consist of the comparison of perfor-

Inside the field of inferentialstatisics, hypothess testng [19]

i
ihe mul ypathess yand te atenaive hypothesis i a de-
fined. The null hypothesis i a statement of no effect or 1 diffr-

& whereas th lermatve hypothet epesents the presence
of an effect o a difference (in our case, signficant ifferences be-
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Erros Médios Relativos
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1 Deacetal Swum and Evlutonary Compuaton 1 2011318 s

et o cbained nthe 25 benchmark uncions.
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Instead of stipulating a priori a level of significance @, it is

Table2
Nonpirametc sttt rocedures considered s ol

hichis th

Trpeofcomparion Proceiures Secion

was actually observed, assumineg that Ho i true. It s a useful and

tatistcal hypoth
test is significant or not, and it aso indicates something about
how sgnificant the result is: the smaller the p-value, the stronger
the evidence against H. Most importantly, it does this without

Sanest 3
Prnwie comprions Witowones
Maipe sign e

Fradmantee
Muliplecomparisons (1 ) Fridman Algned ranks
Quide et

ave been n e iy of
experiments in compltaconal inclligence. For exampl.
o i 1o tst whethr the Gerence between th sl of |
st which — joey

Checks whether he
the problems is significantly different from zero. When Type of comparison Procedures Section
I et of e gt e common st method =
for testing th diferences between more than two relted sam- i
e medns i the reeated-messres ANOVA or Wiin-sobjects Hochbery

N [IT—

© e, o their origl defion o o
delng i o 1ol dats, i b s ppld 0, e
e i ot o e e requremens (201 Ty nserom -
asss of analyi: d mutiple com-
Drsons. Pttwie Satiscalpocedures perfom indvidul o St
Threl
. statisticaltests and the past-hoc procedures considered,respc-
i © el Farh I
isused
i R

thecomrlm st lcaionof 4 e numberof agorchms incuded inth compariso. 5

bl

i
s sk

his ttorial, we describe the use of several pairwise and
milile compaon proceures. Tibs . 3 enmerstes e

*»d dnotes the dieence of performnce betwesn o -
“This notation wvH n v\vy:« throughout the study, unless a
paricula case s stated explcy.
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Comparacao entre Pares de Algoritmos - Teste do Sinal

e Tabela 4 ilustra o teste do sinal, que conta quantas vezes SADE foi melhor que outro algoritmo.

e Tabela 5 destaca os casos em que uma diferenca significativa foi detetada.

Table 4
Critical values for the two-tailed sign test ata = 0.05 and @ = 0.1
each row.

JDerac et al./ Swarm and Evolutionary Computation 1 (2011) 3-18

+ than another it betteron ateast in
vass 5 5 7 8 9 1 012 114 15 % 1718 1@ 2 2 2 25 u 3
5 6 7 7 8 9 89 0 w0 u 12 12 1B B3 14 15 15 1 17 18 18
5 6 6 7 7 8 9 9 10 0 N2 1 3 13 14 4 15 16 15 1
Table 5
for DE sh vement over PSO, CHC, and SSGA, with a level ofsignificance o = 0.0 with
alevel of significance o = 0.1
SaDE =) 1POP-CMAES cie ssGA sSIX St DE-Bin DEExp
Wins () 20 15 20 13 16 17 3 9
Loses () 5 10 5 7 9 s 12 5
Detected differences w=005  a=005 - - B
3. Pairwise comparisons inhypoth-

Vinicius A. Armentano - FEEC - UNICAMP T ber of dingtoa

ess tesing situations, involving a design with two samples. Ths is
analogous to the paired t-test in nonparametric statistical proce-
dures; therefore, it is a pairwise test that aims to detect significant

Pairwise comparisons are the simplest kind of statistical tests
that a researcher can apply within the framework of an experi-
mental study. Such tests are directed to compare the
of two lgorithms when applid to  common set of proiems. n

lysis, a value for each pair
required (often an average value from several runs).

In this section, first we focus our attention on a quick and
easy, yet not very powerful, procedure, which can provide a
first snapshot about the comparison: the Sign test (Section 3.1).
Then, we will introduce the use of the Wilcoxon signed ranks
test (Section 3.2), as a example of a simple, yet safe and robust,
nonparametric test for pairwise statistical comparisons. Examples
thorough thi section will focus in characterizing the behavior of
SaDE, in 1 x ‘with the rest of als .

algorithms,

Wilcoxon's test is defined as follows. Let d; be the difference
between the performance scores of the two algorithms on ith
out of n problems (if these performance scores are known to be
represented in different ranges, they can be normalized to the
interval [0, 1], in order to not prioritize any problem; see [23]).
The differences are ranked according to their absolute values; in
case of ties, the practitioner can apply one of the available methods
exls[mg in the literature [24] (ignore ties, assign the highest rank,

mpute all the possible assignments and average the results
cbtaied in every application of the test, and so on), although we
recommend the use of average ranks for dealing with ties (for

mple, if two differences are tied in the assignation of ranks 1
and 2, assign rank 1.5 to both differences).

Let R* be the sum of ranks for the problems in which the first
algorithm outperformed the second, and R~ the sum of ranks for
the opposite. Ranks of d; = 0 are split evenly among the sums; if
there is an odd number of them, one is ignored:

1
=) rank(dy) + 5 ) rank(d)

. S B

3.1, Asimple first-sight procedure: the Sign test

A popular way to compare the overall performances of algo-
rithms is to count the number of cases on which an algorithm is
the overall winner. Some authors also use these counts in inferen-
tial statistics, with a form of two-tailed binomial test that is known
as the Sign test [22]. If both algorithms compared are, as assumed
under the null hypothesis, equivalent, each should win on approx-
imately n/2 out of n problems.
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Comparacao entre Pares de Algoritmos - Teste de Wilcoxon

e Tabela 6 mostra que SADE atinge melhoria significativa sobre PSO, CHC e SSGA com nivel de significancia o« = 0, 01,

e sobre IPOP, CMA, ES e SS=Arit com «

Vinicius A. Armentano - FEEC - UNICAMP - 2014

0, 05.

1 Derac o Swarm and vtcionary Comptation 12011318 )
Tabies
HC and SGA - — D01, ver IPOP-CHOAES s S5-Ari with
Comparson [ [ e Comparson 3 © e
—] 5 0 oo SoE s 1!2 m onmas
saDE v, w7 I e S0 e i i e I rry
SDEveree A 0 & ooy SSDE versts DE Brp. o i “n

Example 2. When using Wilcoxon's test in our experimental
stuty the st ste st compute he K" d € reted (o the

« First, we will introduce the use of the Sign test for multiple
comparisons. This Multple Sig test (Section 4.1) is a ot very.

‘comparisons between

Table 6 shows the &', k. and p-values computed for a the
paiwise comparisonscoceting S:DE te palues
computed by using SPSS) s the” table st SaDE shows 3
significant \mpmvemtm over 150, CHC,and SSGA. with 5 et
of seniiance e = 001, over |PorcMA ES and SS-Arit, i
5.5, and over S5.BUX with

4. Multiple comparisons with a control method

algorithms,but 1l 3 quickand ey procedure whichcan
belmerestin or 5t ganceat he el
« The best-known p ﬂnrz[unzs{mgmgmlkrencthe!wzzn
or han o, related sample,thé. Fiedman (et will be
incoduced i Scton 42, hat section we wil m incude
the use o its extension, the Iman-Davenport test, and two.
Stvanced verions: he Fedman Aligned Rank (¢t and the

Quade test.
« In Section 43, we willllustrate the use of  family of post-hoc.
procedures, a5 a stable complement for the Friedman-related
tests.Given acontrol method and the raniks of the Fiedman (or
anyelated)testthse post-hoc methods llowus o determine

procedures is requested i in the joint analysis of the results

F i Itipl

lely‘ inSection 44 e present 1 procedure o etitethe

n several algorithms: the Contrast Estima-
oo e s mmod vy e i e
sssume htthe gt pefornce s eflected by he -

over a specific problem. When referring to muliple comparisons
tests,ablack i composed of three or mre subjects of results,each

ithms.

overthe proble.
In pairwise analysis if we ty 1o extract  conclusion involving.
more than one pairwise comparison, we will obtain an accurmu-

o contl bkt gt the Sn vt for -
ple comparisons allows us to highlight those ones whose perfor-

losing the control on the Family-Wise Ertor Rate (FWER), defined
‘making one or

allthe hypotheses when performing multple pairwise tests. The.

algorithm. This procedure, proposed in [26,27), proceeds as fol-
Tows.

1. Representby s,

gventy
v ——

[ s—

1= Placepths = . k= )

T hcepes, = Aty

11— Peicta, = Ao

[Ta-pw.

There \ )

2. Compute the signed differences = x,—x,. Thatis,paireach
performance with the control and. n each proble, subtract the.

3 Lot ra s d,, that hav
frequently occuringsign et panzwe L et wiina
paiing ofanalgorm witecon

4 Bl b e h o responsef s esls fhe con-
trol algorithm and M be the median response of a sample ofre-
suls of the th lgorithm.Appy e fthe fllowing decsion

. Furlvsnnxﬂu My = M against Hy: M, < M. refect H if
ins signs 1 lessthan or equal t the cri

m vl apearing nTable A21 npendicAfrk—

rofaigorthms excluing contol.n numberof pro-

of algorithms, because the FWER s not controlled.

it
.mmn.. i M, < My agins i, = N rqmﬂnllme
imberof pls signs s \esthanor equal tothe

This proce-
dures for multiple comparisons considering a control method, In

Table A21 Aok~ and
oF % appearing i Table A-21in Appen
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Erros em Comparagao de Multiplos Algoritmos

Situacao Atual "Verdadeiro”

Decisao

Hp Verdadeiro Hp Falso

Nao Rejeite Hyp

Decisao Correta Decisao Incorreta

1—a Erro Tipo Il
B
Rejeite Hy Decisao Incorreta  Decisao Correta
Erro Tipo | 1-3

«

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Erros em Comparagao de Multiplos Algoritmos

e Taxa de Erro em Familia (Familywise Error Rate)
e Considere o teste de Hy, ..., Hn.

e mg = numero de hipoteses verdadeiras; R = ndmero de hipéteses rejeitadas.

Taxa de Descoberta de Falsos

Hp Verdadeiro  H; Verdadeiro Total

Nao Significativos U T m—R
Significativos v S R
mg m — Mg m

e V = number of erros falso positivos tipo I.

e Taxa de Descoberta de Falsos é projetada para controlar a proporgao de falsos positivos
dentre o conjunto de hipodteses rejeitadas %.
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Erros em Comparagao de Multiplos Algoritmos

e Ao se fazer m comparagoes entre duas hipoteses:
P(fazer um erro em um teste) = «

P(nado fazer um erroem um teste) = 1 — «
P(nao fazer um erro em mtestes) = (1 — «)™
P(fazer pelo menos um erro em mtestes) = 1 — (1 — a)”

e Paraa=0,05,m=23,1—(1—a)®=0,1426

e Dizer que o valor-P esta sendo ajustado para mdltiplas hipdteses é equivalente a controlar
a taxa de erro do tipo I.

e Existem muitos métodos com enfoques distintos para este tipo de controle.
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Teste de Rank de Friedman

e E um teste ndo paramétrico desenvolvido pelo economista Milton Friedman (ele mesmo, o
grande monetarista da Universidade de Chicago!!)

o Considere ninstancias de um problema, k heuristicas, e Xj; o valor da fungéo objetivo da
instancia / e heuristica j. Seja n; a mediana dos valores obtidos pela heuristica j.

e Suponha que as variaveis aleatdrias associadas as k heuristicas sao independentes, isto
é, para uma dada instancia, os resultados obtidos pelas heuristicas séo independentes.

e Hipétesenula Hy : 1 =mp = -+ =

e Hipotese alternativa: as medianas nao sao iguais.

Instancias | Heuristica 1 | Heuristica 2 Heuristica k
1 Xi1 Xi2 Xik
2 Xo1 Xoo Xok
n X Xn2 Xk

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Teste de Rank de Friedman

e Para um problema de minimizagao e uma dada instancia (linha) i associe cada valor
obtido pela heuristica (coluna) j e atribua ranks 1,2, ..., k, em que 1 corresponde ao
menor valor, 2 ao segundo menor valor, etc.

e Independéncia das heuristicas: para cada instancia o rank atribuido é independente da
heuristica, e, portanto, o conjunto de ranks em cada coluna representa uma amostra
aleatéria dos ranks 1,2,...,p.

e Asomadosranks1,2,...,pé %p(p+ 1), e, portanto, o valor médio do rank da j—ésima
coluna é S (p+1).

e A soma dos quadrados dos ranks 1,2,...,pép(p+ 1)(2p+ 1)/6.
e Portanto, a variancia do valor do rank da j—ésima coluna é

p(p+1)(2p+1)/6 — (p+1)2/4 = (p* — 1)/12.
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Teste de Rank de Friedman

e SeT; é o rank médio da j—ésima coluna, entdo a distribuicdo amostral das médias dos
ranks tem valor médio (p + 1)/2 e uma variancia com valor o2 = (p® — 1)12n.

e A estatistica do teste de Friedman é baseada na hipétese que a amostra dos ranks
médios provém de uma tnica populagio normal N( 2 (p+1), o2) (ver teorema da distribuigao
da distribuigao chi-quadrado da variancia de uma amostra de uma distribuigao normal).

2 12n _ >
xF—p2Z[r, S(p+ P = PP 2o+ 1P,

e Friedman demonstrou que para p > 2 e n — oo entao X2F converge para a distribuicdo x?
com p — 1 graus de liberdade.

e Se o0 nimero de linhas e colunas nao é muito pequeno, entdao xf_. tem uma distribuicdo x?
com p — 1 graus de liberdade. A perda de um grau de liberdade, deve-se ao fato que a
soma dos ranks médios das p colunas ¢ igual a %p(p +1).
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Teste de Rank de Friedman

e Vimos anteriormente que se Zy, 2, . .., Z, sao variaveis aleatérias independentes com
Zi ~ N(u,0),i=1,2,...,n. Se

n
Zi—
X = ( “) entio X ~ x2.
1

i=

e Nao existe nenhum critério para escolher p — 1 desvios em X,%. Por este motivo,
calcula-se o desvio quadratico médio e multiplica-se por p — 1.

e SeT = 0 paratodo j, entdo x2 = 0 o que implica que Hy é verdadeiro.
J F

e Uma expressao mais adequada para o calculo de X,% em termos dos ranks r; € dada por

X% p+1)z<2r,,> —3np(p+1).
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Exemplo do Teste de Rank de Friedman

e Quatro instancias sao avaliadas por quatro algoritmos, como mostra a tabela abaixo.

Erros Relativos Ranks de Friedman
Erro A B C D Friedman A B C D
1 2,711 3,147 2515 2,612 1 3 4 1 2
2 7,832 9,828 7,832 7,921 2 1,5 4 1,5 3
3 0,012 0,532 0,122 0,005 3 2 4 3 1
4 3,431 4,111 3,401 3,401 4 3 4 1,5 1,5

Média 2375 4 1,250 1,875
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Teste de Rank de Friedman Alinhado

Para cada instancia calcule o valor médio obtido por todos os
algoritmos.

e Para cada célula instancia x algoritmo, calcule a diferenca entre o
valor da célula e o valor médio.

e Designe p x nranks para todas as células como no método de
Friedman, atribuindo rank 1 a diferenca de menor valor, rank 2 a
diferenca de segundo menor valor, etc.

e Estes ranks associados a observacdes alinhadas sdo chamados
ranks alinhados.
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Exemplo do Teste Rank Alinhado de Friedman

Diferengas
Friedman A B C D
P1 -0,035 0,401 -0,231 -0,134
P2 -0,525 1,475 -0,521 -0,432
P3 -0,156 0,365 -0,045 -0,162
P4 -0,155 0,525 -0,185 -0,185

Ranks de Friedman Alinhados

Friedman A B C D
Alinhados
P1 12 14 4 10
P2 1,5 16 1,5 3
P3 8 13 11 7
P4 9 15 55 55

Média 5625 155 55 6,375
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Teste de Quade

Algumas instancias séao mais dificeis ou a qualidade de suas solucoes difere muito entre
algoritmos.

Rank para cada instancia ¢ ponderado de acordo as diferencas observadas no
desempenho dos algoritmos.

Para cada instancia i e algoritmo j atribua o rank r;; como no teste de Friedman.

Para cada instancia / calcule o intervalo max x;; — min x;.
i j

Designe rank 1 ao problema de menor intervalo, rank 2 ao problema de segundo menor
intervalo, etc.

Sejam Qq, Qo, ..., Qn 0s ranks associados as instancias 1,2,...,n.
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Teste de Quade

e Calcule o rank médio entre problemas (k + 1)/2.
e Calcule S; = Q; (r,-j - %) o tamanho ajustado de cada algoritmo em cada instancia.

e Calcule W = Qjrj;, o tamanho n&o ajustado para estabelecer uma comparagéo com o
teste de Friedman.

e Calcule o rank médio do algoritmo j, T; = ﬁ em que W; = 25::1 Wj.

Ranks de Quade S;;(Wj)

Quade A B C D
P1 1(6) 3(8) -3(2) -1(4)
P2 -4(6) 6(16) -4(6) 2(12) +Dificil

P3  -05(2) 15@4) 05(3) -1,5(1) +«Facil
P4 15(9) 45(12) -3(4,5) -3(4,5)

T 2,3 4 1,55 2,15
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Teste de Quade

Erros Relativos

Erro A B C D
1 2,711 3,147 2515 2,612
2 7,832 9,828 7,832 7,921
3 0,012 0,532 0,122 0,005
4 3,431 4,111 3,401 3,401
Ranks de Friedman
Friedman A B C D
1 3 4 1 2
2 1,5 4 1,5 3
3 2 4 3 1
4 3 4 1,5 1,5
Média 2375 4 1250 1,875

Vinicius A. Armentano - FEEC - UNICAMP - 2014

max xy; — min x;; = 3,147 — 2,612 = 0,535
j J

max Xp; — min xg; = 9,828 — 7,832 = 1,996
j J

max xz; — min x3; = 0,522 — 0,005 = 0,517
j j

max Xg4; — min x4; = 4,111 — 3,401 = 0, 71
j J
Q=2 Q=4 Q=1 Q=3

S11=2(8-2,5)=1;, W;;y =6
Sip=2(4-2,5)=3;, Wi, =8
313:2(172,5):73; W13:2

Siy=2(2-25)=—1;, Wy, =4
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Resultados Comp
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44, Contrast Etimation

Contrast Estimation based on medians 45.46] can be used toes-

algorithms are the same across problems. Therefore, the perfor-

. Compute the mean of cach st o nadised medianshaving
the same firstsubscript,

ta
;

m k an

B

‘mance of algorithms i reflected e differ-
es between them in each domain.

interest ofthis testlies in estimating the contrast between

‘medians of samples of results considering all pairwise compar-

1 through k. For example e Aiflrene between My and My
estimated by
Tntsezsnmamnanbeunﬂemnudzsanadvar\ndE] bal per-

formai h this test cannot provide  probabil-

‘medians between two algorithms over multiple problems, pro-
cling 1 ollows.

oo o il wih e reecionaf he il ypothetsof

outperforms another one.

1 pair of K algorithms i the the

‘Animplementation of the ContrastEstimation procedure can be
TEST package, atthe

That
Dy = %0 = X (1)
wherei=1.._.nu &
performance pais where < 1.)
2 Findthe media of ssch et of derences (s, whichcin e
garded as the unadjusted estimator of the medians of the
o a0 . M. )IeZ o oy v
to compute Z, in those cases where u < v. Also, note that

K (Consideranly

Zu=

1.

e 8 nour xperimetal anlysis. we cn compute the et

nedan cimators) and h Seaes Searc bsed aprosches o
the other hand, CHC and PSO achieve higher error rates in our
experimental study.
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Testes Post-hoc
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Tabie 19
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sSaix et I
San w9 0 o)
o G ey 740
save ot 3w a0
5. Multiple comparisons among all methods o€ = et of s
e
ridmans est is a omibus st which can be sed o carry 5 £ 1 b o s i ot i 1
out these types of comparison. It allows us to detect differences 1 [ rtumt.
considering the global set of algorithms. Once Friedman's test . furach e disioes ofC o o s €, anf oy Crand €, # 0
', ot

rejects the null hypothesis, we can proceed with a post-hoc test

diflerences nthe preious secton, we focused on prcedures
that

aguing that the objectve of sty s 0 et eheter s mewly
proposed algorithm is better than the existing ones. For this
Testons e e descrbed and s procetres suh 3 the
BontrronDunn, ol and Hochberg mth
e s n oy u e conparison
bl

" L e o s o B+ do

Fi. 2. obtsnEshausive(C. Aot for obsining 3l xbausive s in

hen
Inwhichall possle
(N N comparison), two classic procedures that can be used are.
the Holm test (the same as was described in Section 4.3) and the

* Shaflers dymamic rcedure: (s s te pover o the
by sbung « by the value « =

kik-1

power.
“The hypotheses being tested belonging to a family of all pair-

« isad,
procedure,since 1 depends nat only on the logical structure of
the hypotheses, bt also on the hypotheses already rejected at

step . Obviously.
one. However, I

he foll

of three algorithms M,

1,2,3.1s easily seen from the rela-
tleast

1 [49],a procedure was proposed based on the idea of finding.
all elementary hypotheses which cannot be rejected. In order (0

M or My or the two algorithms at the same time. Thus,there can-

definition.

Definition 1. An index set of hypotheses | < (1......m) is alled

sed on this argument, Shaffer proposed two_procedures

i ke s o h ol el on he oy o -
potheses for adjusting the value of 451,

* Shaflersstatirocedut: ollowing Hlste-downmethot

age . nsead of ejecting Hy i = a/(m — 4 1), reect.

ol < at o1 the et e ofbypcieses

wmm anbe e gien tatany Dhypothescsar e

I could be true.

Undertis defiion theBergmani- Hommelprocedure works
asfollows
« Bergmann and Hommel procedure: reject all Hy with j § 4,
where the acceptance set A, given a5

A=W exhaustive  min (P i € 1) > a/ 1]} (19)

.1,
m. e gven hypmheses Hov i, independent o he o

For this procedure, one has to check for each subset I of

s hevlos o o ned o e e ot
“Ule xixeSk—,
“*”Ul(z)* sk-p). a9
here k) i th s ofposible mumbers o ru hypoteses
S

with k algorthms being compared, k = 2. and S(0) =
(ol

n
Due we will obtain a set. named E. which will
ol posbie st s af ypohess o3 cern

the E set is
o 1o he A st st

3 substantia reduction in computing
obtained, the hypotheses that do not
reecte

Fig. 2 shows a valid algorithim for obtaining al the exhaustive.
setsof hypotheses, using as input 3 list of algorithms C. £ is a set
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Testes Post-hoc
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ik

of
of hypotheses.

For ly aresultfor each pair
and standardized

It performs adivision of the algorithms nto two subsets, n which

the lastalgorithm k always is inserted in the second subset and

the first subset cannot be empty.

subset ielded i a division is never empty and no repetitions are
roduced.

Finally, we will explain how to compute the APVS for the three
post-hoe procedures described above, following the indications
givenin[s1]
 Nemenyi APV, minfu : 1) wi
» Holm AP, (using it all e compatsons min - 1)
ere v = max{(m —j+ 1)p; 1<) < )
o shafler static APV, min{ : 1], where

i
* Bergmann-tommel AP i 1. where v = (i
minlp.j € 1} I exhavstive € 1

maxiypy 12 =

vhere m s the umber of Daxsvb\e comgarisons in an all
ptwise comparonsdesin:that o = Lick.

procedure mast be Tollowed 10 gather them. sing averoge
Tl rom seveal execuions hen csiderin sacasic
algorithm:

Ppropete sumber of dgortors in contestwith n
propriate number of case problems are neet used in
e o mploy each ype of st The mumbet of garhs
used in multiple comparisons procedures must be lower than
the number o case problems. The previous statement may not
be true for the Wilcoxon test. The influence of the number of
case problems used is more. nameahk in multiple comparison
procedures than in Wilcoxon'stest 2.3

Aithough Wilcoxons tet and the post hoc ests for muliple
comparisons are nonparametric satistica test, they operate i

a different way. The main difference lies in the computation of
the ranking, Wilcoxon'stest computes a anking based on dif-
ferences between case problems independently, whereas the
Friedman test and itsderivative procedures compute the rank-
ing between algorithms (23]

e iadman st
s il s elated post o procdures, b ou n the
MULTIPLETEST package, which can be obtained at the SCI2S
‘matic public website Starstical Yn[rrmrz T Comptaionl el
gence and Data Mining (see footn

In relation m
performing Wilcoxon'sor Friedman's tests n a multi-problem
analysis) there are two main aspects 1o be determined. Fi

this specification. Statisticans have studied the minimum sam-
le size whe

Example 9.

plesize when

wecanraise the

appy the abov-menioned methods o conrast them.Table 20
listall the

as the probabilty tha the test will reject a false null hypothe-

Using o vl ofsnfance o = o oy s hypotheses
method.

crease ofthe sample size depends o the availabilty of new case.

mprovement o DE-EXp o SaDE over 150 and CHC.and DF.
Bin and SS.BLX over PSO. The He

over CHC. Fnally. the Bergmann procedure rejects eight

ligence o data mining field). Second, we have to study how the
results are expected to vary ifthere were a larger sample size
available. In all staristicaltests used for comparing two or more
sampls,an ncrease of the sample size benefits the power ofthe.

i

b
CMA-ES. None of the remaining 28 hypotheses can be rejected
using these procedures.

6. Considerations and recommendations on the use of non-
parametric tests

This section notes tions

Tess influenced by this actor than Friedman'stest. Finally, s a

e f thmb, the mumbe of ase prolems i sty shold
=2[23)

Aihough mm s ot 3 theortcal maximum umber of o

main o use n comparison, i anb derved rom the ental

it theoremthat s namber 100 high th rsuls may

unfelsbe I the number of omains grows 0o, St

Their

details of the multple comparisons tests are presented. With this

et i of 20 domais s suggested ), o e
comparions.a value of 1 2 8. could b 10 igh obiin

st Section 1) Then, some advanced gelines o mltle
comparisons with a control method (Section 6.2) and multiple
comparisans among all methods (Section 6.3) are providet

6.1, General considerations

is possible to

ot i cioun he ot abcheatonsnd Jaowin he
operations performed by the nonparametic tess, we .

e ot Wikinons ten s horced e mber ofcone
problems used. On the other han, both the number of algo-
Tithms and case problems are crucial when we refe o muli-
ple comparisons tess (such as Friedman's test), given that all

il ny s performance messue ht s sssocited 04

above). Howeve,the incresingecresing of the number o

0 b lmited;thus, comparsons considring uneing times.
memory equrements, and o, are e
« Being abi i he appld in mulidomain comparkons, no-
Paramerc Satten rocedures can compare bt et
i and stochastic algorithms simultancously
e e represnted o3 e for coh pt o g

he
ithim/domain

obier
s pocedren e mimerof foeon e o mporont
factortobeconsdred when wewant o cotol e

rocedur consdred in this pper s e
Taed t Contrast Esimation based on medias between
Samplsof reullsConrat Estimation n nowparimet tas
tics is used for computing the rea differences betueen two -
gorithims, considering the median measure the most importan.
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st e st o muliplecomparisons among all mthods

T e ndsiedy Nemenys o Sitir e
I S0 verus DBy oosons oonuzas oomuzzt Ty ooa0z21
2 PO vers a0 Dona0ss onniazs omisrs 0001263 000126
i GHE v DE £ oowossz ey ooicsss Oouszoe Goomse
5 G v SaDE noiea: onse77z Doszaaz n0ss712 Q0sazes
H PO verus S ooz onsszs 0w o0sarrs 004154
i PO vers POP-ChAES Dousznt D006 e D42t a0isa01
H SSGAVerus DEFrp ooz 0353838 nzrsts: oz oz16112
n GHCvrsus S X Dosazs i Dsaons o7s3zme o3t
I P50 e 55 Art ooy i v ossse ocziETs
I SSiAveras DEbin Doszane I I ety
i PO vers S5GA noszans I i 1 06sniss
I SS At versus D i et i I 1 oz
I P CAIA 5 versus D xp ooz i 10 10 10
2 [y Dssizs i I I 10
z S5GA vers 55X i i I 10
4 SSBIXverus SabE o017 i I I I
= GHC v SGA 0313065 i i I 10
» [ a—— ey i i I 10
» S X vers Db i i 1 10
2 DE Binverus DE b oS sans I 10 I 10
3 DE Expvesus S osanos i 10 I 10
» SSchveru S At D7z it I I I

Takinginto account tha the samples of esults in computational

 An appropriate number of algorithms in contrast with an

asafe use of parametric test, the computation of nonparamet-

orer 1o employ ach type ftst. Th number of algortms

ful. For example,one could provide, apart from the average val-
wes of accuracies over various problems reported by the meth-

e et f oo peobeme I senerl pasiocs e o
on nceasing the umber ofcase probrs used . muliple

ke o, whit i slr i 128, ;e
« Finally, « As we have suggested, muliple comparisons tests must be.

J analysis should be justifed The use
of the most powerful procedures does not imply that the re-
Sults obtained by agiven proposal will be bettr. The choice of

whenamethodiscompred st asetor ot coud
be carted out first by using a statistical method for testing
the diffrences among the related samples means, that i, the.

andits complexity when it comes to being used or explained to
non-expert readersin statstics [45].

62. Multiple comparisons with a contrl method

« A multple comparison of various algorithms must be carried
outfirst

ihe Friedman testwith the Iman-Davenpor extension, e

d Ranks test, and the Quade test. Once one of
e tess et the ypothesisof equivalence ofmedians the
detection of the specifc differences among the algorithms can
e madewithtn splctomal pos ho St pocedurcs,
‘which are methods used for specifically comparing a control
. alorcm with twor morealgorihms 46

thatis,
by cach algorithm. Once this test rejects the hypothesis of

.<
even employ them 1o mesu hes perormance diflrnces
How

among the algorithms can be done with the application of
post-hoc statistical procedures, which are methods used for
‘comparing a contral algorthm with two of more algorithms

1231

outperormtherest unlesthenull ypothesi s eected
« Although by definition, post-hoc satistica procedures

e a0 ndependent way rom the rejction of te
ypothesis, it is advisabl to check this rejection frsly.
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