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Avaliagcao de Algoritmos

Sucesso de Algoritmos

E medido por dois atributos: rapidez de obtencdo de uma solugdo e sua
qualidade.

Principios Gerais de Avaliacao Experimental

e Implementagdo computacional: estrutura de dados e economia de
calculo.

e Fontes de instancias.

e Medida relativa da qualidade da solucao.
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Avaliagcao de Algoritmos

e Tempo computacional até critério de parada e tempo para encontrar a
melhor solug&o.

e Robustez em relacdo ao desempenho em instancias distintas.

e Escolha e analise de componentes do algoritmo.

e Descricdo do método usado para configurar parametros.

e Algoritmo deve ser reprodutivel.

e Escolha dos fatores que influenciam o desempenho do algoritmo.
e Comparacao entre algoritmos.

e Relatorio e analise de resultados com tabelas e graficos.

e Extracdo de conclusées dos experimentos.
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1. Introduction
Heuristic optimization algorithms (heuristisider shor) seek good feasible solutions to
the limited
time available for its solution do not allow exact solution. The formal intractabilty, in
the sense oNP-hardness (Garey and Johnson, 1979), of many commonly encountered

of heuristics a major area within the field of operations research.
Unlike exact algorithms, where time-effciency is the main measure of success, there.

o
1969), demand:
polynomially bounded time and seeks provable limits on the worst-case or maximum de-
viaton of aheursic fom the optiml soltonvalle. Anther, ploneered by Karp 1977).
tries to compute pmalty,

Both these yielded into a number of heuristics and
problems, and both have the appeal of mathematical certainty. Stil, their analytical dif-
ficuly, which makes it hard to obtain results for most realistic problems and algorithms,
severely limits their range of application. Also, a worst-case result which is by definition
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A Theoretician’s Guide to the
Experimental Analysis of Algorithms

David S. Johnson
AT&T Labs - Research
http://wuw. research.att. con/~ds]/

November 23, 2001

Abstract

This paper presents an informal discussion of issues that arise when oue attempts to an-
alyze algorithms experimentally. It is based ou lessons learned by the author over the course
of more than a decade of experimentation, survey paper writing, referceing, and lively dis-
cussions with other experimentalists. Although written from the perspective of a theoretical
computer scientist, it is intended to be of use to researchers from all fields who want to study
algorithms experimentally. Tt has two goals: first, to provide a useful guide to new experimen-.
talists about how such work can best be performed and written up, and second, to challenge
current researchers to think abont whether their own work might be improved from a scientific
point of view. With the latter purpose in mind, the author hopes that at least a few of his
recommendations will be considered eontroversial.
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Inferéncia Estatistica

Métodos para tomada de decisdes ou para extrair conclusdes de uma
populacao de instancias de um problema de otimizagao.

Teste t-student, teste-F, chi-quadrado, analise de variancia, estatistica
nao parameétrica.

Métodos usam informagao de uma amostra da populagao.

As duas classes principais de problemas de inferéncia estatistica sao
estimacao de parametros e teste de hipoteses.
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Amostragem Aleatéria

Definicao
As variaveis aleatdrias Xy, Xz, . .., X, sGo uma amostra aleatdria de uma
variavel aleatdria X desconhecida se sdo independentes e tém a mesma
funcao densidade de probabilidade. A funcdo densidade de probabilidade da
amostra é

f(x1, X, -+ Xn) = f(x1)F(X2) - - - F(Xn).

Definicao
Uma estatistica é uma variavel aleatdria que é fungcao das variaveis aleatorias

correspondentes a uma amostra aleatdria.
Exemplo: Média e variancia da amostra aleatoria.
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Estimadores

Seja X uma variavel aleatéria com média . e variancia o2.

6 : parametro desconhecido associado com a distribuigao de
probabilidade da variavel aleatéria X.

e A estatistica © = h(Xi, Xz, ..., X,) é uma variavel aleatéria chamada
estimador do ponto 6.

e Quando a amostra é selecionada, © assume um valor § chamado de
estimativa de 6.

e /i = estimativa da média ;. da variavel aleatéria X.

e &2 = estimativa da variancia o2 da variavel aleatéria X.
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Propriedades de Estimadores
Definicao
6 é um estimador ndo tendencioso (unbiased) para o pardmetro 6 se

E©)=9
Se o estimador ndo é tendencioso, a diferenga

E©)-0

é chamada de tendéncia do estimador ©.
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Propriedades de Estimadores

Proposicao
_ n
i) A média amostral X = > X; € uma estimativa da média ;. = E[X] da
i=1
populacao.

n
i) A varidncia amostral S = —1- 3~ (X; — X)?

é uma estimativa da variancia o2 da populagéo.
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Propriedades de Estimadores

1 s .

§% = E X — X)?
e[S

1 n 1
= E X2+ X2 —2XX))| = ——FE
n—1 [;(’+ ')] n—1

2": X2 — n)_(z]
p
- {i E(X?) — nE()_(Z)} .

i=1

n—1

e Como E[X?]=pu?+0% e E[X?] = (E[X])?+ Var(X) = p?+0?/n

E(s?) = — [Z(;ﬁ +02) = n(y? + 02/n>]

n-1 i=1

1
= 1(nu2+n0'27nu2702):0

2
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Conceito de Grau de Liberade

e Avariancia S? de uma amostra aleatéria X, Xo, ..., Xn é
& )2 e
> (X —X) > q
S2 — i=1 _ =
n—1 n—1
tal que
_ 1
X=— ;
p2d
i=1
e o desvio
d=X-X
e Como

> d=0 (1)

e n — 1 desvios estao "livres” para assumir qualquer valor, enquanto o n—ésimo desvio tem
que assumir um valor tal que (1) seja satisfeita.

e Diz-se que existem n — 1 graus de liberdade para a variancia amostral, que refletem os
n — 1 desvios "livres”.
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Propriedades de Média e Variancia

Transformacao Linear

Seja X uma variavel aleatéria com média E[X] e desvio padrao ox. Para a
transformagéo linear Z = X-£X1

E[Z] =0, var(Z)=1

Variancia Expressa por Momentos
Seja X uma variavel aleatdria com média E[X] e variancia var(X).

var(X) = E[X?] — (E[X])?
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Funcao Geradora de Momentos

Definicao
Para uma dada variavel aleatéria X e um parametro s, a funcao geradora de
momentos é dada por Myx(s) = E[e%X].

e Para uma variavel aleatéria continua X com FDP fx(x)
oo
My (s) = / e f (x)dx

e Tomando a derivada com relagéo a s dos dois lados

d d ©
7M e SXf —
S M(s) = = [ e (o /

oo ')

%esxfx(x)dx:/ xe** fy (x)dx

oo —oo

e Atroca entre derivada e integral pode ser feita sob certas condicoes (ver teorema de
Leibniz).
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Funcao Geradora de Momentos

e Quandos=0

M(@)lso = [ xix(0d = E1X]

e Se diferenciarmos n vezes

dn [e'e}
A Mx(8)loo = /_  Xix(x)dx = E[X']

Soma de Variaveis Independentes

Z=X+ +X

MZ(S) — E[eSZ] _ E[GS(X1+”'+X”)] _ E[esX1 L ean]

= E[e¥] - E[e%"] = Mx, (s) - - - Mx, (s)

Vinicius A. Armentano - FEEC - UNICAMP - 2014 17



Funcao de Densidade de Probabilidade Normal
Definicao

Uma variavel aleatdria continua X é chamada normal (Abraham de Moivre
1733) se tem a funcao de densidade de probabilidade (FDP)

_ e,(x,#)2/2027
oV 2r

em que . e o > 0 sdo parametros que caracterizam a FDP.

e \eriquemos que

(/20 g 1,

0'\/27/

e A transformacao linear Z = (X — p)/o faz com que E[Z] = 0 e var(Z) = 1, e resulta na

integral

\/?/Oo e % /2dz =1
T J—oo
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Funcao de Densidade de Probabilidade Normal

(L/m e 2 ax)?2 = i h *XZ/ZdX/OO eV’ /2dy
_ / / X +Yy) /2 dXdy
or
27 /2
= e’ drdo
> / / rar

= / e " /2rdr
0

/ e Ydu

0

1

e A partir da mesma transformagéo linear, demonstra-se que se X é normal

E[X] = pu, var(X)= o>
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Funcao Gama

Definicao

A fungao gama é motivada (Euler, 17297) pelo problema de encontrar uma
curva suave que conecta os pontos (x, y) dados pory = (x — 1)! em pontos

inteiros positivos de x, isto é, a fungdo fatorial. A fungcdo gama é dada por
Ma) = [,° x> "e *dx.

e Para o > 1 e integragao por partes

M) = /OOO X1 d(e)
=x" T~ — /Ooo(—e—X)(a —1)x“"2dx
=(a=1) [T e g = (o= 1) (o= 1)
e Paraa =1, [~ e~ = 1. Portanto,

re)y=1-1,r@)=2-1,r1(4)=3-2-1, eporindugao,r(n) =(n— 1)L
Resultado util : r(%) =7
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Funcao Gama

e Demonstra-se que a integral I'(a) = [, x>~ e *dx diverge para x < 0.

0

e Afuncao ﬁ definida no plano complexo estende a fungao gama com
polosem 0,1,2,...

gamma function
------- asymptote
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Funcao Densidade de Probabilidade Gama

Definicao

A FDP gama com pardmetros « e 3 é dada por [ (c, §) = Xa:rﬁj .

e Ao sefazera =1e 3 =1, obtém-se a FDP exponencial.

e Para « inteiro e positivo, a FDP gama é chamada de FDP de Erlang ou
processo de Poisson com parametro .

e A distribuicdo de Erlang é usada em sistemas de trafego de sinais e em
sistemas de filas com tempos de espera.
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Relacao entre Probabilidade Gama e Processo de Poisson

Suponha que as chegadas seguem um processo de Poisson com parametro A. Qual é o tempo até a r—ésima chegada? Seja
Fr(t) = P(r—ésimachegada < t)

r—1 K
1T—F(t) = ¥ H(nke M

k=0 "

= probabilidade que o tempo de ocorréncia da r—ésima chegada é maior que t.

= probabilidade que o nimero de chegadas no intervalo de tempo [0, {] € menor que r.

d(1—F(1)

r—1
1
— Xt Xt
= —Xe A+ xe”
d, [z o } z

k=0

e [ o] £ }

7/\9—)\1
= ﬁ()\t)’*‘, t>0
r— !

Como desejamos d(Fd,( ) , a fungéo densidade de probabilidade do tempo até a r-ésima chegada é

Ne— M
(r—1)

(=t e,

que é a fungdo densidade de probabilidade gama para r inteiro.
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Funcao Densidade de Probabilidade Gama

Gamma distribution density
TMa=1,p="1)
/ M(a=2,p=1)

/ M(a=3,p=1)
/ / Homd,821)

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Fungao geradora de momentos da variavel aleatéria X ~ I'(«, 3)

Proposicao
o= (r=155) -+ 5<3
Demonstracao
My (s) = E[e™] = /0 h es"%xa“ e=/8 dx
R L ey L R P

Mx(s) = (ﬁ—s) - (1—63) s p

Ses>1/B8, 1 — Bs <0eaintegral é infinita.
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Funcao Densidade de Probabilidade Chi-Quadrado

Esta distribuicao foi descrita pela primeira vez pela estatistico aleméao Friedrich Robert Helmert
em artigos de 1875 e 1876, e independentemente redescoberta pela matematico inglés Karl
Pearson em 1900.

A distribuigao chi-quadrado é um caso especial da distribuicdo gama e é usada em:

e Qualidade da adequacao de uma distribuicao observada em relagao a uma distribuicao
tedrica.

e Confianca no intervalo de estimacao para o desvio padrao de uma distribuicao normal de
um desvio padrao experimental.

e Uso em outros testes estatisticos, por exemplo, a andlise da varianca por ranks.
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Funcao Densidade de Probabilidade Chi-Quadrado

Teorema

SejaZ ~ N(0,1). Se X = Z?, entdo X tem a FDP chi-quadrado com 1 grau
de liberdade, isto é, X ~ x3.

Demonstracao
L1/2
P(X < x) = P(Z2 < x)) = P(—x'/2 < z < x/?) = / 2 22
o) = e 222
f7(z) = ﬁe z
dR(0)
h(0 = =

d /2
= i /7)(1/2 fz(z)dz

1/2 _1/2
~ ) ) oy (2
Teorema de Leibniz novamente.
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Funcao Densidade de Probabilidade Chi-Quadrado

—1/2

| =

:\/%exp( x‘é)2> X
=) ()
1

S x~"2exp (f%x) 41 x~"2exp (f%x>

|
B~
B
o
3
/\
l\)\—‘

(1/2
Portanto,
21/2 1
X Vzexp(—éx), se x>0
fx(x) =
0, sex <0

que corresponde a fungao densidade de probabilidade gama com o = % ep =2
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Funcao Densidade de Probabilidade Chi-Quadrado

Teorema

Sejam Zy, 2, . . ., Z variaveis aleatorias independentes com Z; ~ N(0,1),i=1,2,...,n. Se
K=l o Z,?, entdo X tem a FDP chi-quadrado com n graus de liberdade, isto é, X ~ x3.

Demonstracao

Como 7y, Zs, . .., Zy séo independentes, entdo a funcdo geradora de momentos de X &

Mx(s) = Mza(s) x Myz(s) x - Mza(s)

=n
Como Z/2 ~ X:121 entao Mx(S) = <1,125> ‘ o

o Esta é a fungéo geradora de momentos de (3, 2), chamada distribuigéo chi-quadrado com
n graus de liberdade.
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Funcao Densidade de Probabilidade Chi-Quadrado

Teorema

Sejam Zy, 2, . . . , Z, varidveis aleatdrias independentes com Z; ~ N(u,0),i =1,2,...,n. Do
teorema anterior segue-se que se

X=3" (l7> e
=~

1.0 |
0.8 —= | |

—k=2

k=3

—— k=4
0.6 T | —
04 | —
0,2-/ P _ —
0 2 ’ 6 8 |
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Soma de Variaveis Aleatorias Normais Independentes

Meta: descobrir a média e a variancia de uma amostra aleatéria retirada de
uma populagao normal.

Teorema

Se X1, Xo, ..., X, sdo variaveis aleatérias normais independentes com
médias i1, iz, - - . , jin € varidncias 02,02, ..., 02, entdo a combinagao linear

n
Y = Z C,'X,'
i=1

tem distribuicdo normal

n n
v (S S tet).
i=1 i=1
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Soma de Variaveis Aleatorias Normais Independentes

Demonstracao

Depende da prova (néo trivial) que a fungao geradora de momentos de
variavel aleatéria normal X ~ N(u,0?) é

22
Mx(s) = exp </LS + U;)

My —exp[ (zc,u,)+<zc )]

e, portanto,
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Distribuicao da Média de uma Amostra Aleatéria de uma Populagdo Normal

Corolario

Se Xi, X, . .., Xn sdo observagdes de uma amostra aleatdria de tamanho n de uma populagao
N(u, 0?), entdo a média

- Y
X:E;:X,-

é normalmente distribuida com média 1. e variancia o2/, isto &, a probabilidade da média
amostrada é N(u, o2 /n).

Demonstracao

Faga ¢; = 1/n, ui = p1, 02 = o no teorema anterior. Entao

et =om |3 (13°4) + 5 (5 307) | —ew e+ 5 (%))
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Distribuicao da Variancia de uma Amostra Aleatéria de uma Populagdo Normal

Teorema
Suponha que

e Xi,Xo,...,Xn sd0 observacbes de uma amostra aleatdria de tamanho n de uma
populagdo N(u, o?).

3

o X = 1E X; é a média amostral das n observagoes.
i=1
1 n bV, z A . ~
o 2= (XX )2 é a varidncia amostral das n observagées.
i=1
Entao

(1) X e S2 sdo independentes.

—1)8? D CG=29F
(@) 0 = ZROZT L 2(n 1),

Demonstracao

Nao trivial
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Distribuicao t-Student

Foi proposta pelo engenheiro aleméao Friedrich Robert Helmert e pelo matemético alemao Jacob
Luroth em 1876.

e Na literatura inglesa a distribuicao toma seu nome do artigo publicado em 1908 na revista
Biometrika por William Sealy Gosset sob o pseud6nimo "Student”.

e Gosset trabalhava na Guinnes Brewery! que estava interessada em problemas de
amostras pequenas, por exemplo, as propriedades quimicas de cevada em que 0s
tamanhos das amostras podiam ser tao pequenas como 3.

e O artigo ficou conhecido pelo trabalho de Ronald A. Fisher, que cunhou distribuicao de
t—Student com referéncia ao valor de t (proveniente de teste).

e Esta distribuicéo aparece na estimagdo da média de uma populagao normalmente
distribuida em situacdes em que o tamanho da amostra é pequeno e a variancia é

desconhecida.

e E usada em diversas analises estatisticas, incluindo o teste de t-Student para avaliar a
significancia estatistica da diferenga entre as médias de duas amostras.
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Distribuicao de t-Student como Teste Estatistico

Definicao
Se Z ~ N(0,1) e U ~ x?(n) sdo independentes, entéo a variavel aleatéria

V4

v U/n

tem uma distribui¢do de Student com n graus de liberdade, e escreve-se T ~ t(n).

=

e Dada uma amostra aleatéria X1, Xz, . . . , X, de uma distribuicdo normal N(p, 02), sabemos do corolario

anterior que B
7= U noo)
B a//n ’
e 2
n—1)8
U:%WM
o

e Além disso, Z e U sao independentes. Portanto, da definigdo da variavel T

36
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Distribuicao t-Student
e Considere a fungao densidade de probabilidade

Fe(x) = /0 " o (0 () dis

o fxjy(x) é afungéo densidade de probabilidade normal com média 0 e varianga (inversa)
desconhecida 1 = 1.

v (X) = (%)1/2 exp (—%(x_ u)z)

e fy(¢) é afungdo densidade de probabilidade gama

e Demonstra-se (D’Souza) que a fungéo densidade de probabilidade de Student é dada por

_nil

= ot (145)
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Distribuicao t-Student

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Relacoes Entre Distribuicoes

e Destaca-se o grande nimero de flechas que emanam da PDF gama e da uniforme
standard para outras distribuicdes (Leemis e McQueston, 2008).

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Teste de Hipdtese - Exemplo

e Engenheiro (Montgomery, 2013) considera a formulacao de adicionar um
polimero (borracha) derivado da emulsao de latex durante a mistura de
cimento para testar o impacto no tempo de cura e resisténcia a forga de
tensao do cimento.

e Sao preparadas 10 amostras da formulagao do cimento na forma original
e 10 amostras na formulacao modificada.

e As formulagdes sao referidas como tratamentos ou como dois niveis de
um fator.

e Técnica de inferéncia estatistica chamada teste de hipdtese é usada
para comparar as duas formulacoes.
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Teste de Hipdtese - Exemplo

e Impressao visual na tabela abaixo é que que o cimento original suporta uma forga maior
que o modificado, o que é "confirmado” pelos valores médios de forga.

Cimento Cimento
Modificado  Original

J Yij Yoj

1 16,85 16,62
2 16,40 16,75
3 17,21 17,37
4 16,35 17,12
5 16,52 16,98
6 17,04 16,87
7 16,96 17,34
8 17,04 17,02
9 16,59 17,08
10 16,57 17,27

e Valores médios de resisténcia a forca de tensao:

V1 = 16,76kgf/cm?  y, = 17,04kgf /cm?
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Teste de Hipdtese

® Yi1,Y12,---,Y1n, representam ny observagées do primeiro nivel do fator.

® Yo1,Y22,. .., Yon, representam n, observagdes do segundo nivel do fator.

e As duas amostras sao retiradas de duas populagées normais independentes.
e Modelo simples estatistico para o experimento:

yU:MI+€I]7 i=1,2; j:17"'7n

e yj: j—ésima observagéo associada ao nivel / do fator.
e 1;: média das observagdes associada ao nivel i do fator.

e ¢;: variavel aleatoria normal, chamada erro aleatorio, associada com a jj—ésima
observagéo, isto é yj ~ N(uj,02),i=1,2.
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Hipotese Estatistica

e Corresponde a uma afirmagao (conjectura) sobre os parametros de uma distribuicao de
probabilidade ou parametros de um modelo.

e Para o exemplo do cimento, considere a tensdo média e as seguintes hipoteses:
e Hp : 1 = po, chamada hipétese nula.

e Hy : g # po, chamada hipétese alternativa bilateral, pois é verdadeira para p11 < pp ou
M1 > p2-

e Hy :py > po, chamada hipétese alternativa unilateral, pois € verdadeira para pq > po.
e Hy :py < po, chamada hipétese alternativa unilateral, pois é verdadeira para pq < po.

e O procedimento geral do teste de hipétese envolve o valor o = P( rejeitar Ho|Hy €
verdadeiro), chamado nivel de significancia.
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Hipotese Estatistica Bilateral
e Funcao densidade de probabilidade X ~ N(0, 1)
e a=0,05

o P(X<—1,96) = P(X >1,96) = 0,025

Gritical values for a nondirectional
(two-tailed) fest with o =.05
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Hipotese Estatistica Unilateral
e Funcao densidade de probabilidade X ~ N(0, 1)
e a=0,05

e P(X>1,96) = 0,05

Critical value for an upper-
tall critical test with ¢ = .05

Rejection region
o=.05

0
Null
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Hipotese Estatistica Unilateral
e Funcao densidade de probabilidade X ~ N(0, 1)
e a=0,05

o P(X < -1,96)=0,05

Critical value for an lower-
tail critical test with o = .05

Rejection ragion
«=.05
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Teste-t Student para Duas Amostras

e Suponha que as variancias sao idénticas para as duas distribuicées normais,

2 _ 2 __ 2
0y =05 =07,

e As duas amostras sao extraidas de duas distribuicdes normais independentes.
e Portanto, a distribuic@o de 1 — ¥2 € N [p1 — po, 0?(1/n4 +1/mp)].

e Se o2 fosse conhecido, e se H, fosse verdadeiro, entdo a distribuicdo
=y
Zy = =2 (2)
/1 1
g H + ’TZ

seria N(0, 1).

e A variancia agrupada (pooled variance) € um método de estimar a variancia de populagoes
distintas em que as médias podem ser distintas, mas a variancia de cada populagao é a
mesma. A variancia amostrada 8,2, é estimada pela média ponderada das variancias
amostrais S,.2 das populagdes i = 1,..., k com tamanho n;.

2 f(:1(’7i - 1)32‘2

P ()
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Teste-t para Duas Amostras

Ao substituir Sp no lugar de ¢ a distribuicdo de Z; muda para a estatistica {—Student
=Y
/3 1
Sp E + E

o=

e com ny — no — 2 graus de liberdade.

Em alguns problemas, deseja-se rejeitar Hy se uma média é maior que a outra.

A hipotese alternativa unilateral Hy : 14 > up € Ho é rejeitada se fy > to n, 4y —2-

A hipotese alternativa unilateral Hy : pq < pp € Hp € rejeitada se fy < —to n,4n,—2-
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Teste-t para as Duas Amostras do Exemplo

e Para o exemplo do cimento temos

Cimento Modificado Cimento Original
y1 = 16,76kgf/cm? 3o = 17,04kgf /cr?

312 =0,100 SS = 0,061
S1 =0,316 S, =0,248
n =10 n =10

e Desvios padrao sao semelhantes e, portanto, a hipétese de igualdade das variancias é
razoavel.

e ni+n—2=10+10—2 = 18, e ao se escolher a = 0, 05, rejeitamos Hy se
fo > foyo25y1g =2,101ousefy < _t0,025,18 =-2,101.
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Teste-t para as Duas Amostras do Exemplo

o _ (M —1)S}+(n2 — 1)}

S
p n+n,—2
9(0,100) + 9(0,061)
= = 1
10+10—-2 0,08
Sp = 0,284
e Estatistica do teste:
= V1i—o _ 16,76 — 17,04 — 220

7 T 1 1
Soy/a+ % 0,284/ +

e Como fy = —2,20 < —1fy 025,18 = —2, 101, rejeita-se Hy e conclui-se que 114 < po.

e Isto é confirmado na pratica: o tempo de cura do cimento modificado € menor, mas sua
resisténcia a forga de tensao é menor.
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Valor-P em Teste de Hipotese

e Hipdtese nula Hy é ou néo rejeitada em um nivel especificado de valor-a ou nivel de
significancia fixo.

e Valor calculado da estatistica do teste esta proximo ou distante do limiar da regiao de
rejeicao?

e Enfoque do valor-P : probabilidade que o valor da estatistica do teste assuma o menor nivel
de significancia, quando a hipétese nula é verdadeira.

e Como |t0| =2,20 > t0'025713 = 2,101, entao o valor-P é < 0.05.
e Como fy.01,18 = 2,552 > || = 2,20, entdo o valor-P esta entre 0.05 e 2(0,01) = 0, 02.

e Softwares de estatistica fornecem o valor-P exato ou na forma < 0,001. Para este
exemplo, o software Minitab fornece o valor-Pigual a 0.042.
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Intervalo de Confianca

e Em diversas situacdes, o teste nulo de hipétese de médias iy = o € de pouco interesse.
e Mais importante: de quanto diferem? Resposta: intervalo de confianca.
e Seja 6 um parametro desconhecido. Encontre duas estatisticas L e U tal que
PL<O<U)=1-«a (3)
¢ verdadeiro.

e Ointervalo L < 6 < U é chamado um intervalo de 100(1 — «)% de confianga para o
parametro 6.

e O intervalo de confianga tem um interpretagao frequentista, isto é, o método usado para
produzir o intervalo de confianga gera afirmativas corretas 100(1 — «)% das vezes.
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Intervalo de Confianca

e A estatistica

1= Yo — (1 — p2)

Pl —taj2,n4ny—2 < <tlajonim—2 | =1—a

_ _ 1 1
P (}’1 — Yo - fa/z,n1+n2—23p\/ ™ + nig < pt = g2

_ _ 1 1
<V = Yo+ laj2,n4n—25p E"—n: =1-«

e Comparando (3) e (4)
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Intervalo de Confianca

1 1
+

Y1 = Y2 —taj2,n+n,—2Sp mtn <y — 2

- _ 1 1
<V —Yo+tayon1n,—25p mte

e ¢ um intervalo de confianca 100()% para w1 — uo.

e Para o exemplo do cimento com uma estimativa de 95% para o intervalo de confianca

1 1 1 1
16,76—17,04—(2,10)0,2844/ — + — < pu1—p2 < 16,76—17,04+(2,10)0,2844/ — + —
676 ) (7 )7 10+10_H1 H2 > 3 ) +( ) 10+10
—0,55 < py — p2 < 0,101
e o intervalo de confianga 95% é ;11 — uo = —0,28 + 0,27, ou a diferenga na média é -0,28 e
a precisdo da estimativa é +0, 27.

e Como pq — o = 0 ndo esta incluido no intervalo de confianga, os dados nao suportam a
hipétese que 111 = pp no nivel de significancia 0.05.
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Teste-t para Duas Amostras: Topicos Adicionais

e Desvio moderado da hipo6tese de distribuicdo normal das duas
populagdes nao afeta muito o desempenho do teste-t.

e Escolha do tamanho da amostra.

2 2
O caso o7 # 05.

O caso o2 e o2 conhecidos.
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Distribuicao-F

e A distribuicao-F é conhecida como distribuicao de Snedecor ou distribuicao de
Fisher-Snedecor.

e Aparece frequentemente como uma distribuicao nula de um teste estatistico, principamente
na analise das variancias de duas amostras de duas populagdes com distribuicdo normal.

Definicao
Sejam U e V duas variaveis aleatdrias independentes com distribuigéo chi -quadrado com me n

graus de liberdade, respectivamente. Entao a variavel aleatéria X = W ™ define a estatistica
men.

Proposicao

A funcao densidade associada a estatistica X = [‘J//’" é dada por

) m/2pn/2y(m/2)—1
F (@) (nr mamenz X0

A demonstragao é complexa.
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0.0

— d1=1, d2=1

— d1=2, d2-1
d1=5, d2=2
d1=100, d2=1
d1=100, d2=100
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Variancias de Duas Populacdes Normais

2

e Meta: comparar variancias de duas populagdes normais com variancias o e ag,

respectivamente.

e Tome uma amostra de tamanho ny; de uma populagao e outra amostra de tamanho n, da

outra.

Proposicao
2

s2/s2 ~ F(ny —1,m — 1), se 02 = o2.

Demonstracao
(n1 = 1)82
Wi = ——— ~xa
&g
(n2 — 1)85 2
Wo=-2—"2 2
O'S 2
M/m — 9 ) 2
:W1/n1—1: 0'12 2310'2281
Wo/no —1 (nz;;)sg /np —1 85012 SS
2

—_—~

F(ﬂ1 —1,/72—1).
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Teste Chi-Quadrado

e Considere o problema de testar uma hipotese Hy que especifica uma PDF para uma
populagao X.

e Uma hipétese alternativa H; € que a PDF nao é do tipo especificado em Hy, com base em
uma amostra de tamanho n da populagao X.

e Um teste popular e versatil para esta situagéo é o teste x2 de qualidade de ajuste
(goodness-of-fit test) introduzido por Pearson (1900).

e De maneira sucinta, o teste x? esta relacionado a diferenca entre o diagrama de
frequéncias da amostra Xj, X», . .., X e o diagrama de frequéncias da distribuicao
hipotética.
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Teste Chi-Quadrado

e Considere o espago de X dividido em k intervalos mutuamente exclusivos intervalos
A17A27"'7Ak'

Seja N; o nimero de X; que caemem A;, i =1,2,..., k.

As probabilidades observadas P(A;) sédo dadas por

N,
Observada P(A;) = ?’J: 1,2,...,k

e As probabilidades tedricas P(A;) sao obtidas da distribuicao hipotética da populagao

Tedrica P(A)) = pj,i =1,2,...,k

e Uma estatistica que fornece uma medida de desvio de quadrados minimos é
N; 2

Z Cj o Pi

i=1
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Teste Chi-Quadrado

e Pearson mostrou que ao se fazer ¢; = n/p;, a estatistica definida em (5) tem propriedades
simples.

k

2 k 2 2 k 2
n (N (N; — npj) N; N

D= — ——p): — = — —2N; +np; = — —n (6)
Sp (5 e) =P =3

i— Pi j=1

e A estatistica D é, entao, expressa pela diferenca entre frequéncias observadas O, = N; e
frequéncias esperadas E; = np; para todas as classes.

k
(O - E)?
Teorema (Pearson)

A distribuicdo de D em (6) converge para a distribuicio x2 com k — 1 graus de liberdade quando
n — oo (Cramér, 1946, Soong, 2004).
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Teste Chi-Quadrado de Qualidade de Ajuste

e O teorema anterior sugere que a hipotese Hy € aceita se

k
— N
d= E : pl < Xifta
i=1

e rejeitada, caso contrario.
e déovaloramostradode De x5 _, , = d, tal que

P(D > Xi*‘],a) =«

e A figura abaixo ilustra a distribuicao chi-quadrado com k — 1 graus de liberdade.
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Exemplo 1 do chi-squared goodness-of-fit test

e 300 lampadas (Soong, 2004) sdo testadas para o tempo de vida t (em horas), e o resultado é mostrado
na tabela abaixo. Assuma que o tempo de vida é exponencialmente distribuido com média 1/X = 200

horas, e
fr(t) = 0,005e %% t>0

e As probabilidades tedricas P(A;) = p; s@o calculadas como integrais de (7). Por exemplo,
109
b1 = P(A)) = / 0,005 %% gt =1 — %% =0,39
0
200
Do = P(Ay) = /0,005e‘°=°°5’ dt=1—e""-0,39=0,24
100

Tempo de vida, t Numero
t <100 121
100 <t < 200 78
200 < t < 300 43
100 < t 58
n=2300
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Exemplo 1 do chi-squared goodness-of-fit test

o A tabela abaixo mostra os elementos necessarios para calcular o teste x2.

Intervalo, A; ni Di np;  n?/np

t < 100 121 0,39 117 125,1
100 < t < 200 78 0,24 72 84,5
200 < t < 300 43 0,15 45 411
100 <t 58 0,22 66 51,0

n=300 1,00 300 301,77

e Da equacéao (6 ) temos
k 2

d=3" 2L —n=301,7-300=1,7

i=1 !
e Agora, k = 4. Da tabela da distribuigao de x? com trés graus de liberdade, temos

Xg;o,oos =7,815

e Comod < x§;01005, aceita-se com 5% de nivel de significancia que a hipétese dos dados observados
representa uma amostra de uma distribuicao exponencial com A = 0, 005.
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Exemplo 2 do chi-squared goodness-of-fit test

e A tabela abaixo (Soong, 2004) mostra os dados da quantidade de neve anual (em
polegadas) na cidade de Buffalo no periodo de 1909 a 1979. Teste se os dados podem ser
modelados como uma distribuicao normal com 5% de grau de significancia.

Table 8.6 Aannual snowfall, in inches, in Buffalo, NY, 1900-2002

Year Snowfall Year Snowfall Year Snowfall

1000-1910 1264 1930-1040 7738 1060-1970 1205
1010-1011 824 1040-1041 703 1070-1971  97.0

1011-1912 781 1041-1042 806 1971-1972 1099
1912-1913 511 1942-1943 855 1972-1973 788
10131914 909 1043-1044 580 1973-1974 887

10141915 762 1944-1045 1207 1074-1975 956
1015-1916  104.5 1945-1046  110.5 1075-1976 825

1016-1917 874 1046-1047 654 1976-1977 1994
1017-1918 1105 1947-1048 399 1977-1978 1543
1018-1919 250 1948-1949 401 1978-1979 973

1019-1920 693 1940-1050 887 1070-1980 684
1020-1021 335 1950-1951 714 1080-1981  60.0

1021-1922 398 1051-1952 830 1081-1982 1124
1022-1923 63.6 1052-1053 5590 1082-1983 524
10231924 467 1953-1954 899 1083-1984 1325

10241925 729 1954-1055 846 1084-1985 1072
1025-1026  74.6 1055-1056 1052 1085-1986 1147

1026-1927 836 1056-1957 1137 1986-1987 675
1027-1928 80.7 1057-1058 1247 1987-1988 564
10281929 603 1958-1959 1145 1988-1989 674

1020-1930  79.0 1950-1060  115.6 1080-1900 937
1030-1931 744 1960-1961 1024 1090-1991 575
1031-1032  49.6 1961-1962 1014 10011902 928
1032-1933 547 1062-1963 808 1092-1903 032
19331934 718 1963-1964 715 1993-1994 1127
10341035 491 1964-1965 709 10041905 746
1035-1036  103.9 1965-1066 983 1005-1996 1414
1036-1037 516 1966-1967  53.5 1096-1997  97.6

1037-1938 824 1067-1968  66.1 1997-1908 756
10381939 836 1968-1969 784 1998-1999 1005
19902000 636

2000-2001 1587

2001-2002 1324
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Exemplo 2 do chi-squared goodness-of-fit test

e Seja x; a quantidade de neve no ano j. A média X e avariancia S? desta amostra sdo
calculados abaixo

X = 83,6

1 70 5
S, = & j;(x, —83,6)% = 788,66

¢ A tabela abaixo mostra os componentes para o célculo do teste x2.

Intervalo, A; n; pi np; n,.2 /np
x < 56 13 0,163 11,27 15,00
56 < x <72 10 0,177 12,46 8,03
72 < x<<88 20 0,224 1568 25,51
88 <x<104 13 0,205 1435 11,78
104 <x <120 8 0,136 9,52 6,72
120 < x 6 0,096 6,72 5,36
70 1,00 70 72,40
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Exemplo 2 do chi-squared goodness-of-fit test
e A seguir, ilustramos o célculo das probabilidades dos dois primeiros intervalos.

56 — 83
P(A1) = P(X < 56) = P(Zg ﬁ)

= Fz(—0,983) =1 — F(0,983) =1 — 0,837 =0, 163
P(Az) = P(56 < X < 72)P(—987 < Z < —0,413)
=[1 — Fz(0,413)] — [1 — F»(0,983)] = 0,340 — 0,163 = 0,177
e Da equagao (6 ) temos
ko2

d:Zi—n:73,40—70:2,4O

i=1 !
e Seja r o nimero de parametros conhecidos da distribuicdo. Entdo, o nimero de graus de liberdade é
k—r—1=6-2-1=3.

o Da tabela da distribuigao de x? com trés graus de liberdade, temos
2
X30,005 = 7,815

e Como d < X5 005 @ distribuicao normal N(83, 6; 788, 66) é aceita com 5% de nivel de significancia.
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Regras de Parada Probabilistica para GRASP

Vinicius A. Armentano - FEEC - UNICAMP - 2014

INTERNATIONAL TRANSA(
IN OPERATIONAL RESEARCH

INTERNATIONAL
TRANSACTIONS
INOPERATIONAL
RESEARCH

Ind Tans in Op Res 20 (013301323
DOL 101111 /or 12010

Probabilistic stopping rules for GRASP heuristics
and extensions

Celso C. Ribeiro®, Isabel Rosseti" and Reinaldo C. Souza”
*Department of Computer Science,Univesidade Federal Fluninense, Rua Passo da Pitria 156, Nitedi, RJ 24210.240,
“Deparment of Electrical Engincering, Potificia Universidade Catilica do Rio de Juneirs, Rio de Janciro, RI 22453-900,
Bracil

Email [Rossei] i [Souza)

Received 24 January 2013 received i revised form 28 January 2013; accepted 29 January 2013

Abstract

“The main drawback of most i the absence of Most implementa-
tions of such algorithms stop after performing a given maximum number of ierations or a given maximum
number of consecutive iterations without improvement in the best-known solution value, or after the stabi-
Bt of he st f e souions Toundaong th sreh, W propose Tt probabilste stopping rles
(Greedy Rand Procedures). We show
o the robabily densiy Fanciion of the souton vaues i along the iterations of such algorithms
can be used t it sopping e based o hersdeobetveen oluion quality s e e needed
to find a solution that he be: . in the particular
s ot GRASP et th sl v e alon is ieraions it & normal distribution that
maybeused o give an of the number of
d T

used to e
el ben ity and the fime needed to ind soution that might mprove the meurbent
The robustness of this strategy is illustrated and validated by a thorough computational study reporting

with G to four bl

Kepwords: applied probability; artifcal inteligence; combinatorial optimization; experimental resuls heurisies local
search; metaheuristics

1. Introduction and motivation

M:Iah:nnsuu are general high-level procedures that coordinate simple heuristics and rules to
problems.
Amung ll\em. we find simulated annealing, tabu search, GRASP. VNS (Variable N:lgnbomood
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Published by Blackwvell Publishing, 9600 Garsington Roud, Oxford, OX42DQ, UK and 350 Main St Malden, MA 02145, USA.
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Greedy Randomized Adaptive Search Procedures - GRASP

Procedimento GRASP (Max-lteragoes, Semente)

1 Faca f* + oo ;
2 para k = 1,..., Max-lteragoes faga
3 x « Greedy Randomized Construgao(Semente);
4 X < Busca Local (Solugao);
5. se f(x) < fx entdo
6. Xk — X;
7 fx < f(x);
8 fim;

9 fim;

10. retorne xx, fx ;
fim.
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Fase Construtiva de GRASP

Procedimento Greedy-Randomized-Construction(Semente)

1
2
3
4.
5.
6
7
8
9

fim.

Solugéo « 0;
Avalie o custo incremental dos elementos candidatos;
enquanto Solugao nao esta completa faga;
Construa a lista restrita de candidatos (LRC);
Selecione elemento s de LRC aleatoriamente;
Solugao «+ Solugao U{s};
Reavalie os custos incrementais;
fim;
retorne Solugao;
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4 Instancias de 4 Problemas Abordados

The 2-path network design problem

The p—median problem

The quadratic assignment problem

The set k—covering problem
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Problema das p— Medianas

Vinicius A. Armentano - FEEC - UNICAMP - 2014

206 €. Ribeiro et ./ sl Trans. i Op. Res. 20 (2013) 301323

Table 1
Testimstances of the 2-path network design problem

Tnstance v I3
e £
pT0 70 700
2pndpd0 9% 00
2pndp200 0 2000

problem consists in finding a minimum weighted subset of edges containing a path formed by at
most two edges between every origin-destination pair. Applications can be found in the design
of communication networks, in which paths with few edges are sought to enforce high reliability
small delays. Its decision version was proved to be NP-complete by Dahl and Johannessen
(2004). The GRASP heuristic that has been used in the computational experiments with the 2-path
network design problem was originally presented in Ribeiro and Rosseti (2002, 2007). The main
characteristics of the four instances involved in the experiments are summarized in Table 1

3.3, The p-median problem

Given a set F of m potential facilites, a st U of n customers, a distance function d : U x F — R,
tp = m. the p-median whi

c
open facility. Itis a well-known
NP-hard problem (Kariy and Hakimi, 1979). with numerous applications to location Tansel et al
(1983) and clustering (Rao, 1971; Vinod, 1969) problems, The GRASP heuristic that has been used
inthe computationl xperiments with th p-median probm was orinalypresened in Resende
and Werneck (2004). The main f the four

summarized in Table 2

3.4, The quadratic assignment problem

Given n facilities and n locations represented. respectively, by the sets F = (f, ... f,] and L=
{£1,-....£,. the quadratic assignment problem proposed by Koopmans and Beckmann (1957)
consists in determining to which location each facility must be assigned. Let A" = (a,)) be a

Table 2
Testimsances ofthe p-median problem

Tnstance B O ’
pmedi0 200 00 o
pmed1s 300 1500 100
pmed2s 00 000 167
pmedi0 00 7200 200

2013 The Authors.
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Aproximacao da Normal por lteragcoes GRASP

e fi,...,fy: amostra de valores de solugoes obtidas por GRASP em N iteragoes.
e Hy:aamostra fq, ..., fy segue uma distribuigao normal.
e H;:aamostrafi,...,fy ndo segue uma distribuicdo normal.

e me Srepresentam a média e desvio padrdao da amostra.

e A amostra normalizada f/ = (f; — m)/S implica em uma normal N(0, 1).

e Nos experimentos, o = 0,1 e nimero de intervalos igual a 14:
(—00,-38,0),[-3;—-2,5],[-2,5; -2,0],--- ,[2,0;2,5],[2,5;3,0], [3,0; o0).

e Ajuste da normal é ilustrada para N = 50, 100, 500, 1000, 5000, e 10.000 iteracdes de
GRASP.

Vinicius A. Armentano - FEEC - UNICAMP - 2014 73



Aproximacao da Normal por lteragcoes GRASP
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n € € Rt /il T Op Rex 20(201) 0152

© ostance pmd25 with p = 167 @) Tnsance prmed30 with p = 200

T
Table o
c i »
Trvanee Teratons 0 s
idon 0 0127260 17275000
wissa S0 0213226 1727501
widoa 0 008016t 17275000
wison 0 0ms1s2 17275000
fittings to the the iterations of the R, prmedian
problem.

Results obtained with the GRASP heuristic for the quadratic assignment problem are reported
in Tables 9 and 10 and in Fig. 4. The same stati plots provided for the previous problems
Tead to similar findings: they illustrate the robustness of the normal fittings to the solution values
obtained along the iterations of the GRASP heuristic for the quadratic assignment problem.

Finally, we report in Tables 11 and 12 and in Fig. $ the results obtained with the GRASP heuristic
for the set k-covering problem. The same statistics and plots already given to the other problems
show that also for the set k-covering problem the rmrmzd ﬁlmgw 0 the solution values obtained
along the iterations of the GRASP heuristic are very rol

We conclude this section by observing that the null hvpom:s\s gannot be eeced with | -
90% of confidence. Therefore, we may approximate the solution values obtained along N
of a GRASP heuristic by a normal distribution that can be progressively fitted and Ampm\':d as

2013 The Authors.
Intermtional Rescarch ©
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Aproximacao da Normal por lteragoes

Vinicius A. Armentano - FEEC - UNICAMP - 2014

C.C. Ribeiroetal/ Inl Trans.in Op. Res 20 (2013) 301 323 s

Table 7
Chisquare test for

0% confidence level: p-median problem

Tnstance Tirations B

e
pmed0 50 0196116 17275000
pmed1s 30 0167526 17275000
pmed2s 50 0249443 17275000
pmed3n 50 0160131 17275000
Table s
Statstics for normal ftings: p-median problem
Tnstanee Tierations Mean Standard deviation Skewness Kurtosis
S0 1622.020000 7844097 Zomrer 3235009
100 1620.890000 X 0364414
pmedio S0 3484721 o118 1248
o 1000 64.402076 0074091 2964164
S000 63499795 0oa1s2 2051273
10000 415151 0087905 2955408
s0 S8.850642 —0041262 1949923
100 65313609 0270892 2693553
pmed1s 500 65881958 0202400 2828056
100 1000 65.590272 0120234 2784433
S000 64,6396 0086450 200
10000 65101495 0096328 2954639
s0 5478220 0330959 3028905
100 55034799 0360133 3466265
S0 56029848 0219415 3311486
e 1000 56915366 0081878 3068963
000 56985195 004109 3108109
10000 S7.5352 ~0041570 307337
s0 57509899 —0130383 2961249
100 57292464 0259531 2667470
pmedin S0 56109134 0189935 2601882
200 1000 57.265005 0053183 2856399
000 5404183 0013377 3054188
10000 S4978827 0006407 3066879

Table § gives the main statistics for each instance of the p-median problem and for increasing
values of the number N = 50, 100, 500, 1000, 5000, and 10,000 of GRASP iterations: mean,
standard deviation, skewness, and kurtosis. As for the previous problem, we notice that the mean
value converges or oscillates very slightly when the number of iterations increases. Furthermore, the,
mean after 50 iterations is already very close to that of the normal fiting after 10,000 iterations

nce again, the skewness values are consistently very close to 0, while the measured kurtosis of the
sample is always close to 3.

Figure terations
Once again, the statistics and plots in these tables and figure illustrate the robustness of the normal

© 2013 The Authors.
International Rescarch ©
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Estimativa da Melhor Solugao
e Seja UBK =min{f,...,f}, média m" e desvio padrao Sk

e A aproximagao da normal é dada por

£(x)

1 —(x — mk)?
= exp 5 .
Skv/2m 2S;
e Probalidade de de encontrar uma solugéo com valor menor ou igual a UB¥ na préxima
iteracao :
Bk

FE(UBK) = / &(r)dr

— 00
e Estimativa melhor com limitante inferior / para o valor de qualquer solugao :
~ UBk ~
FE(UBK) = / #(r)ar
!

° ?)’g : fungao densidade de probabilidade da normal truncada

ok

et jexcus (X< x < UBF) = X
s FL(UBK) — Fi()
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Exemplos de Truncagem
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a8 €. Ribeiro et ./ sl Trans. i Op. Res. 20 (2013) 301323

Fie 6. y (@ Loty

15in theright.

Next, we perform A additional iterations and we count the number N= of solutions whose value is
smaller than or equal to £ (UB).

“The computational results displayd in Tubles 14.and 15 show that 4= is a good etimation for
the number N= of N than or equal

0 the best solution value at the time the algorithm would stop for each threshold value §. Using
the threshold = 10~ is not appropriate, since at this point we are usually still very far from the
optimal value and - (UB) does not give a good estimate of the probability of finding a solution at
least as good as the best known at this time. that for both
and the set A-covering problems, whose results are depicted in Table 15, it has not been possible to
reach a solution satisfying the threshold § = 104 for any of their instances.

Therefore, the probability £(UB*) may be used to estimate the number of iterations that must
be performed by the algorithm o find a new solution at least as good s the currently best one. The
threshold f used to implement the stopping eriterion may cither be fixed a prior as a parameter
or iteratively computed. In the last case, since the user s able to account for the average time taken
by each GRASP iteration, this threshold can be determined online so as to limit the computation
time when the probability of finding improving solutions becomes very small and the time needed
10 find improving solutions could become very large.

©2013 The Authors.
Intermtional Rescarch .2

77



Critério de Parada e Validacao

e Critério de parada: para um dado limiar 3, pare GRASP quando Ff(UB¥) < 3.
e Validagéo: para cada valor de 3, GRASP é executado até que FJ(UBK) < 3.

e Seja k aiteracdo em que a condigéo é satisfeita e UB o valor da melhor solucéo.
e Neste ponto estima-se N< = |N x F{(UB)].

o N< : ntimero de solugdes com valor pelo menos tao bom quanto UB se N iteraces
adicionais de GRASP sdo executadas.

e A seguir as N iteragdes (empiricamente N = 1.000.000) sao executadas e conta-se o
ntimero N< de solugdes com valor menor ou igual a UB.
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e Para as instancias das p—medianas a estimativa é melhor para os valores de 3 iguais a
10~%e 1075,

e O valor de beta pode ser fixo a priori ou calculado iterativamente.

€. Ribero et al/ . Trans. in Op. Res. 20 (2013) 301-323 119
Tabe 14
2t ga and ! Jutions at e
$ ¥ = 1,000,000 additonal iera
Thold  Tersion  Probabiity  Esmation _ Comnt
Problens Insance » i @B 5 N
3 Q070 0k 151
0009970 570 1843
Py s 0000757 757 ™
a7 0000001 1 o
s 0000001 1 o
3 0078689 7669 1as.0
I o023 o 937
2ndp 2pndp0 1870 0000683 o
2 0000036 16 2%
e 000005 s 4
4 008503 ss0m 206
4l 000257 5257 2066
2pdp0 m 00326 26 19
5209 o0001s s i
mgis 0000001 1 0
23 008 29 a5t
m aoots21 1521 s
2pndp20n 556 oovosis st E
57 000100 100 95
7448 0000001 1 1
4 0060647 w067 535
21 Qo082 S5 7507
pedis 0000786 w7 21
217169 69310 ® s
i 555104 3 o
s 00964 e 117054
e o214 16965
PMedian pmedis 3533 000626 626 an
0268 6610 @ 2%
25853 99910 1 3
3 oos0nn won a4
1 0009309 9309 s
pmed2s 1060 995 w98 2
160 28210 £
s e s 4
4 Q089941 941 120595
@ 0004635 s 426
pmedi0 P e 992 ns
w1 286x10°¢ 3 1
Ex 28610 3 i
© 2013 The Authors
Iternational Rescarch © 201

Vinicius A. Armentano - FEEC - UNICAMP - 2014 79



GRASP com Critério de Parada Probabilistico

Procedimento GRASP (3, Semente)

1
2
3
4.
5.
6
7
8

9

10.
11.
12.
13.
14.
15.
16.
fim.

Faga f* < oo ;
Faca k < 0;
repita
x < Greedy Randomized Construgao(Semente);
X < Busca Local (Solugao);
se f(x) < fx entdo
X* < X;
fx « f(x);
fim;
ki« k+1;
fy < f(x);
UBK + fx;
Atualize a média m* e o desvio padrdo Sk de f;, ..., f;;
Calcule a estimativa F£(fx) = FK(UBK) = [™*_F(r)dr;
até F(f+) < B;
retorne xx, fx ;
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Analise de Variancia: Introducao

e Caracteristica comum: variagao da observagao fisica de medidas cientificas, causada, por
exemplo, a condigdes externas nao controlaveis.

e Metodologia andlise de varianca - ANOVA (analysis of variance) investiga variagoes da
observacao fisica associadas com fatores distintos (Sahai e Ageel, 2000; Montgomery,
2013).

e Envolve a divisao da variagao total nos dados em componentes individuais atribuidos a
varios fatores e aqueles devidos a erros aleatorios.

e Realiza testes de significancia para determinar quais fatores influenciam o experimento.

e Metodologia desenvolvida por Sir Ronald A. Fisher (1918, 1925, 1935) que batizou-a
analise de varianga, ferramenta mais usada em estatistica moderna (p6s 1950) nas mais
diversas areas tais como, biologia, psicologia, medicina, sociologia, educacao, agricultura e

engenharia.

e Modelos de analise de varianga sao largamente usados para analisar o efeito de variaveis
independentes em variaveis dependentes ou medida de resposta de interesse.
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Modelo Linear com um Fator (One-Way Classification)

Modelo simples, mas muito usado.

e aniveis distintos de um unico fator.
e nobservagdes em cada nivel, totalizando N = an observagoes.

e yj : valor associado a j—ésima observagéo no i—ésimo nivel do fator.

Modelo Matematico

Yi=p+Tite, i=1,...,a j=1,...,n

e 1 : média global sobre todas as N observagoes.

e 7;: efeito (um pardmetro) associado ao i—ésimo nivel.

e g; : erro aleatorio associado com j—ésima observagéo no i—ésimo nivel.
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Analise de Modelos de Varianca

e Dois tipos de efeitos: Sistematicos ou Fixos e Aleatorios.
e Modelo de efeitos fixos: 7; é constante.

e O experimento consiste em analisar os niveis pré-determinados de cada parametro

e Obijetivo: fazer inferéncias sobre os parametros y, 7, o

e Modelo de efeitos aleatérios: 7; sdo varidveis aleatérias com médias nulas e variancias o,
e independentes de ¢;.

e O experimento consiste em analisar amostras de populagoes infinitas associadas
com varidveis aleatérias.

o Objetivo: fazer inferéncias sobre y, 7, 02, 02.

e Modelos mistos: contém paramétros constantes e variaveis aleatérias.

e Outros modelos: populagéo finita e outras distribuicdes sobre o erro aleatorio.
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Modelo com Efeito Fixo: Hipéteses

e Os erros e; s&o independentes com distribuicdo normal e variancia o2, constante para
todos niveis do fator.

e Os erros associados com qualquer par de observagdes sao nao correlacionados :

AT

E(eijei/j/) - 0{ i= i/,j ;éj,

Assume-se igualdade de todos os niveis, isto &,
E(yj)=p+m,i=1,2,....,a

e Como p é a média global

1 a a a
;ZE(YU):M-FZT:' = 71=0
i=1 i=1 i=1
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Particao da Soma Total dos Quadrados

e Notacao: barra no topo e um ponto como sufixo, indicam indicam uma média sobre o
sufixo, como indicado na identidade

Vi =~ 7+ 0y~ T ©

tal que

1
_E;}/ij

Vi = EZZYU

i=1 j=1
e Tomando o quadrado em (9) e somando sobre j e j

a n a n a n a n

DD W= =D -V i) +2) > -y)(10
1 j=1

i=1 j=1 i=1 j=1 i=1 j=1 i=
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Particao da Soma Total dos Quadrados

O produto cruzado se anula, pois

DD I =) =D F = V) D (y—¥) =0
A -

i=1 j=1 i=1

a n

> - —nz
Jj=1

i=1

A expressao (10) é simplificada
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Particao da Soma Total dos Quadrados

n a n

SN -7 =nd> -7+ D - ) (11)
=1

i=1 j=1 =1 j=1

e Equation 11: soma dos desvios quadraticos de observacdes individuais em relagao a
média global ou soma total dos quadrados SS.

e Soma dos desvios quadraticos das médias de cada grupo (fator) em relagcéo a média global
ou soma dos quadrados inter-grupos SSg.

e Soma dos desvios quadraticos das observagoes em relagao as médias dos grupos ou
soma de quadrados intra-grupos SSy .

Vinicius A. Armentano - FEEC - UNICAMP - 2014 87



Graus de Liberdade para Somas Quadraticas

e A soma total de quadrados SSt é baseada em an desvios y;; — y com restrigoes

YD w—-y.)=0

i=1 j=1
e, portanto, a(n — 1) graus de liberdade.

e De modo analogo a soma dos quadrados inter-grupos SSg tem a desvios com restricdes

> (7. -y.)=0

i=1
e, portanto, a — 1 graus de liberdade.

e No caso da soma dos quadrados intra-grupos SSy, considere a componente corresponde

ao i—ésimo fator, isto €,
n

> Wi —)?

j=1

que tem n — 1 graus de liberdade. Como existem a componentes, SSy, tem a(n — 1) graus
de liberdade.
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Esperanca de Somas Quadraticas Médias

Modelo Matematico

YI'j:ﬂ+Ti+€i/% i:17"'»n; j:17"'»n (8)

Soma Total dos Quadrados

D> - —nZ(y, fy)2+ZZ(y,, 72 (1)

i=1 j=1 i=1 j=1

e Tomando a esperanga, obtém-se
n

_ 1 _
YI:EZ(N+TI+30'):#+TI+9L (12)
=

Vi.. Z(u—l-T,—i-e,)—,tH-T +e. (13)
l1
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Esperanca de Somas Quadraticas Médias

e Como os ej’s s&o n&o correlatos com média zero e varianca o2 segue-se que

E(ef) =0o? (14)
E@)=0%/n (15)
E(8?) = ¢%/an (16)
e Substituindo as expressoes (8), (12) e (13) no segundo e terceiro termos de (11), obtém-se
a n
SSw=>_> (ej—&.) (17)
i=1 j=1
a
SSg=nY (ri—7 +8& —8&.)° (18)
i=1
e A partir de (12)-(16) obtém-se
SSy -
E(M =E =
5w = £ (05 ) =

a
n
E(MSg) = P > P 4o?
i=1
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Distribuicao Amostral das Médias Quadraticas

e As médias quadraticas sdo fungdes de observagdes amostrais e, portanto, devem ter

distribuicoes amostrais.
e Do teorema (pag.34) segue-se que em um estimador ndo tendencioso 52 de o2

52 XM
v

2

o
e Como
E(MSy) = o?
entao
MSw x2la(n —1)]
a2 a(n—1)
e Como
a
_n 2 2
E(MSg) = —— ;:T, +o
0,i=1,...,a,isto é

entdo, MSg é um estimador no tendencioso de o2 se 7

MSg  xPla—1]
o2 a—1
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Teste de Hipotese: Teste F para Analise de Variancia

e Teste de hipotese nula: todos os niveis do fator ttm o mesmo efeito, isto &
Hy:m11=m=-172=0

e Aalternativa é
Hy : os /s ndo s&o todos nulos

e Vimos que quando Hj é verdadeiro
E(MSy) = E(MSg) = o2.

e quando Hj é falso
E(MSg) > E(MSw)
e Quando H, é verdadeiro, segue-se que a razao

_ MSB/U2 _ MSg
~ MSw/o?2  MSy

(19)

¢ distribuida como uma variavel F com a— 1 e a(n — 1) graus de liberdade.

e Por exemplo, se a = 0,05 e se o valor calculado em (19) é maior que o ponto
correspondente a 95% da distribuicdo de F, pode-se concluir que a hipdtese Hj é falsa no
nivel a = 0, 05 de significancia.
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Tabela para Analise da Variancia

Andlise da Variancia com Efeito Fixo

Fonte de  Graus de Soma dos Média
Variagdo Liberdade Quadrados Quadratica Valor F

Inter a—1 SSp MSg MSg/MS
Intra a(n—1) SSy MSw

Total an—1 SSw

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Wafer de Circuito Integrado

e Circuitos integrados sao construidos sobre um disco de material semicondutor chamado
wafer (bolacha) com dimensao tipica de 5 a 8 polegadas.

e Mascara e um processo de aplicagao de plasma sao usados para criagéo de padroes de
circuitos em que deposita-se aluminio ou cobre.

e Plasma é um gas parcialmente ionizado com mesmo nimero de cargas positivas e
negativas, bem como particulas de gas nao ionizado, por exemplo, fluorocarbono.

e Plasma é obtido por um gerador de radiofrequéncia (RF).

e O objetivo do experimento € modelar a relagdo entre a taxa de remogao (angstroms/min)
do semicondutor e a poténcia RF.
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Wafer de Circuito Integrado

Taxa de Remocao Observada

Poténcia RF Totais
(W) 1 2 3 4 5
160 575 542 530 539 570 2756
180 565 593 590 579 610 2937
200 600 651 610 637 629 3127
220 725 700 715 685 710 3535
y. =12.355

Médias

551,2
587,4
625,4
707,0

7. =617,75

4 5
2 2
SSr = ZZ,V,, -y
i=1 j=1
= (575)% + (542)% + - - - + (710)?

= 72.209
IR
SSg=->yi — =
n i— an

_! [(2756)% + - - - + (3535)7] (12.955)%
"5 20
= 66.870, 55
SSy = SSt — SSg
= 72.209, 75 — 66.870, 55 = 5339, 20
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Wafer de Circuito Integrado

Fonte de Graus de Soma dos Média
Variagao Liberdade Quadrados Quadratica Valor Fy  Valor-P

Poténcia RF 3 66.870 22.290,18 66,80 < 0,01
Intra 16 5339,20 333,70
Total 19 72.209,75

o Fy =22.290,18/333,70 = 66,80

e Paraa = 0,05, Fy 5316 = 3,24. Como Fy = 66,80 > 3,24, a hipdtese Hy é rejeitada, isto
é, a poténcia RF afeta significativamente a média da taxa de remogao.

e Como Fyg1.3.16 = 5,29, e Fy > 5,29, um limitante superior para o valor—P é 0, 01 (o valor
exato do valor—P é 2,88 x 1079).
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Wafer de Circuito Integrado
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Verificacao da Adequacao do Modelo

e As seguintes hipdteses foram feitas para o modelo
Yij =+ 7+ €, i=1,...,n; j=1,...,n
(i) ej’'s s&o normalmente distribuidos.
(ii) ej’s tém a mesma variancia 0.

(iii) ej's s@o ndo correlacionados.
e Na pratica estas hip6teses ndo sdo completamente satisfeitas.
e Qual o efeito de desvios das hipoteses na inferéncias?

e Desvios relativamente pequenos em (i) e (ii) causam efeito pequeno em relagao ao valor de
F, enquanto desvios em (iii) afetam bastante F.
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ANOVA : Problema de Cobertura Total

e Considere o atendimento de m clientes por facilidades que podem ser instaladas em n locais. O coeficiente de cobertura

para o cliente i e local j, cj=1sea distancia d;,- entre um cliente / e um local j é limitada por dmax, € ¢cj = 0, caso

contrario

e Seja x; = 1 se uma facilidade é designada ao local j, x

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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= 0, caso contrario.
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ABSTRACT

‘Coontination, BSNL, Chenna, India; “Department of Management Studis, School of Management, Pondicherry Universiy

19%, 2010,

“This paper discusses the comparison of two different heuristics for total covering problem. The total covering problem
is a facility location problem in which the objective i to identify the minimum number of sites among the potential sites

o locate faclites 1o cover all the customers. This problem

is a combinatorial problem. Hence, heuristic development to

provide solution for such problem is inevitable. In this paper, two different heuristics, viz., GA based heuristic and

P the best s suggested for

Keywords: Genetic Algorithm, GRASP, Total Covering Problem, Boolean Operators, Care and Share Operator

1. Introduction

Consider a sales region of a product, which in tur has
different customer regions. The company selling the pro-
duct should fix necessary number of dealer points such
tha the customers in that sales region are fully served.
The company may fix a maximum of say 5 km of dista-
nee for the customers to reach a given dealer point from
his/her region (customer region). n this process, a given

that dealer point. The word “cover” means that the loca-
tion of a customer is well within the given upper limit for
e distance from a iy Jocaton fom whcre hat cus-

cilities at minimum number of sites fo cover all the cus.

‘means that no region in the sales region is beyond S km
from a site where a dealer is located. Based on this as-
sumption, a covering coeffcient is defined as shown be-
low.

Let, ¢, =1,if d, <skn

=0, otherwise
where, ¢, is the covering cocfficient for the customer
region i and the potential dealer point  and d, is the dis-

A carcful examination of the Table 2 re
the potential site 1 and the potential site 3 are

ith dealers, all the six customer regions in the sal
gions will be fully covered. As per this covi
potential site 1 will cover the custommer regions 1,2 and 4
and the potential site 3 will cover the customer regions

that if
ned
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Fatores para o Problema de Cobertura Total

o Fator A : esparsidade do coeficiente de cobertura c; (porcentagem de
1's).

e Niveis : 16%, 18%, 20%, 22%, 24%

e Fator B: tamanho da instancia

e Niveis : 30 x 30,40 x 40,50 x 50,60 x 60,70 x 70,80 x 80

e Fator C : Algoritmos

e Niveis: Algoritmo Genético (Algr) e GRASP (Algz)
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Modelo ANOVA

Yijk/ =pu+ A+ B/' + ABif + Ck + ACj + BC]‘k + ABijk + €jjki

e Yji : numero de facilidades instaladas.
e 4 : média global.
o indices i, j, k representam os niveis dos fatores A, B, C.

e indice / corresponde & /—ésima replicagéo para o i—ésimo nivel do fator A, j—ésimo nivel
do fator B, k—ésimo nivel do fator C.

e Para cada combinagao i/, j, k, tem-se 5 replicacoes.
e gjjy : erro aleatorio associado aos indices i, /, k, I.

e Demais componentes do modelo representam os fatores A, B, C, e interagao entre eles.
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Resultados dos Algoritmos e ANOVA

e Valor Médio : Algy = 6,81 Alg, = 15,79.

16+ Comparison of GA Based Heuristic and GRASP Based Heuristic for Total Cov

“Table 5. Responses (minimum number of sites assigned with faciltes) of factorial experiment for comparison of GA based
euristic and GRASP based heuristic

Problen sz (FactorB)

S 00 H0es0 S50 o0 070 w0
(ocor i Algortm (Factor €)
Mo Mg Me Mo Mg Mg Mg A Ay Mg Mg Al
0 E I T T S T S I TR
2 L U T PR oo s
1% 3 L T
s 7w s e s w7 w s w9
' 5o 7 s 77 s 1 w9 s
2 7w 7ol s w6 6w s 1w 9w
™ s L U S R S O S S A
4 L S T S S S O T
0 « 7 w7 s 7w 1w s s
2 FE T R R T T R A
o 3 & s 6 w7 s 7 s s w7 ow
s S0 6 on 57w 6w 7w
i S )
2 s s o7 w6 w1 w7 w
% 3 soowo s w1 wm s w1 om 7w
4 L S T R S R T
0 F T T S TR T TR T TR R
2 F T S
2 3 s 3 7 7w 4w 6w 7w
s PR R S S S R S S S
Table s
Sourcsor Dearessor  Sumor MemSumor  Calulied  TableFaluc —
Varition Frocdom sqares Squares FRaio i 005 frence
A s 4700 o aam 2 Signican
B s pRven o 230 Signficant
a8, 2 o129 306465 [ NotSigniisnt
a ' wmo0 oo 26110 s Sigifcant
acu . 9505 7052 a7 2 Signtcant
Be s i a2 s Signfcan
ABC, 2 s Lonss NotSigniisnt
Tou 0 wosis050
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Comparagao Valor Otima Solucao versus AG
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‘mathematical model as presented in Section 3, which gives
the optimal solution. I¢ is well known that solving any

mathematical model will be limited by its number of

variables and the number of consiraints, because of the
Software which will be used (o solve the problem of in-
tetest. So, in this section, problems of limi
32 % 32,34 % 34, 36 % 36,38 * 38 and 40 40, cach

ith five replications are considered for comparing the
performance of the GA based heuristic (Method 1) and
that of the model (Method 2). The Problem Sizes are
assumed 10 be the levels of “Factor A” and the Methods
are assumed to be the levels of “Factor B

“The corresponding ANOVA model is shown below.
A B AB, ey

Vi
where,

s the response (number of stes assigned with fa-
ilies) of the k” replicaion fo the i treatment of the
Factor A and the " reatment of the Factor

i th overl mean f

Avs the effect on the response due (o the i reatment

of the Factor A
the effect on the response due to the j* treatment

of the Factor B
AB, is the cffect on the

e due (0 the i* treat-

ment of h Factr A and te o estment of the Facor B
i the random eror asocited withthe K repica-

eatment of the Factor A and j” trat.

og

“The different hypotheses relating to this model are as
listed belov.

Factor A (Problem Size)

Hy: There is no significant difference in terms of solu-
tion between different pairs of treatments of the Factor A
(Problem Size).

Hy: There is significant difference in terms of solution
between different pairs of treatments of the Factor A
(Problem Size).

Factor B (Method)

Hy: There is no significant difference in terms of solu-
tion between different pairs of treatments of the Factor B

Hy: There is significant difference in terms of solution
between different pairs of trcatments of the Factor B
(Method)

Factor A x Factor B: (AB,)

Hy: There is no significant difference in terms of solu-
tion between the different pairs of interaction between
Factor A and Factor B.

Hy: There is significant difference in terms of solution
between different pairs of interaction between Factor A
and Factor B.

A factorial experiment as per the above design was
carried out to find the minimum number of potential sites
which are to be assigned facliies under cach experimental

Copyright 2010 Seikes.

Total Covering 165

‘combination and such results (minimum number of po-
tential sites assigned with facilites 1o cover all the cus-
tomers) are summarized in Table 7. The resulis of
ANOVA for the given factorial experiment are summa-
rized in Table 8. From the Table 8, it i clear that all the
caleulated F ratios are less than the respective table F
values at a significance level of 5%, Our prime concern
i o check e sgnifinesof e ofct o the Fator B
(Method) on the response variable. The calculated F
Ve fo the Facor B & 14263 2 agaimt the table F

jected. This means that there is no significant difference
between the methods (Method 1 and Method 2) in terms
of providing the minimum number of potential sites,
which arc 1sslgncd with faclites to cover all the cus-
tomers. So, the performance of the GA based heuristic is
cauivalent t et of the model for the asoumed problome
of limited sizes.

Table 7. Results of GA based heuristic and model
Facor B (Method)

(Prolemsize)  RePEton GA Based Model

Hewisie i
ethod 1) (Mehod2)

e

seca

36036

s
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Comparagdo ANOVA Solucio Otima versus AG

e Fator Método B, : Hipétese nula é aceita, isto é,

métodos.

Vinicius A. Armentano - FEEC - UNICAMP - 2014

166 c £GA B: Total Covering Problem
Tables. comparison of

Sourscof Degssof  MemSumor  Calalated  TabeFualue

Varion  Smofsquares i Squares FRato 05 nferencs
» G 0 o s 260 Not Signicant
5, 62 ' L6 L am NotSigaifcane
s, o3 N o 02076 200 ot Sigaificane

y 240 w0 106

ol st ©

7. Conclusions

The ttal covering problm under ity lcaion pro-
Lem 5 an important problem o determine the minimar
mumber of shes 10 loot the Fclin 10 cover all the
customers. Since, this problem comes under combinato-
vial category, in this paper, an attempt has been made to
develop heuristics and compare them in terms of their
performance. In the first phase, the design of GA based

given and it is followed by the design of

8%, 20%, 22% and 2
T oo B s with 6 v i s i 30
30, 40 * 40, 50 % 0, 60 * 60, 70 * 70 and 80 x 80.

that the GA based heuristic. performs n the
GRASP basd hewrisic in terha of pmwdu\g e
tion for the total covering problem.

After having coneluded that the GA based heurisic per-
forms betier than the other heuristic, in the next phase, &
‘comparison is done between the solution of the GA based

heuristic and that o the mathematical model presented in
Section 3 for the total covering problem through a two
factor compiie il expeciret In this expcimet
fve diffen ool sz 32 x 32, 34 x 4,36 x 36
5 38 and 40  40) are considered. For cach ,,mmu.‘
size, five replications are considered. By taking the
problem size o one Facto nd the methods o olin he
total covering problem (GA based heuristic and Model)
s another factor, @ factorial experiment was conducted
and found that the there is no difference between the
‘methods, viz., GA based heuristic and model in terms of

optimal solution for small and moderate size problems
“The reason of limiting the problem size to & maximum of

number of variables and the number of constraints of &
‘model that can be handled by software. Finally, i is con-
cludd that the GA based heurisis perfors beter than
tho GRASE based i o v the tal coveing
problem. Further, there is no significant difference b
Taeen the GA based heursie and the mathematical
model, in terms of providing solution for the total cover-
ing problem for moderate size problems.
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1. Introduction

Schiodling i the alcation of resources or petorming

processing units in @ computing environment (2], Tasks
may be operations in a shop floor, takeoffs and landing in
an airport, stages in a construction project or computer
programs to be cxceuted. Proper scheduling leads to
increased efficiency and capacity utilization, reduced time
quired to complete tasks and consequently increased
profitability of an organization.
iynamic job shop scheduling problem (DISSP) is
described as follows [3]. The job shop consists of M
machines ok stations) andjos arive contintously ovr
time. Fach job requires a perations that
need to be performed n 1 sesifed sence (touting) on
he ok and ivoies crti amount it of p
lime. The jo hop becomes quesing s Job eaves

one machine and proceeds on its route to another machine
for the next operation, only to find other jobs

waiting for the machine to complete its current task, so that
a queue of jobs in front of that machine is formed. Hence,
DISSP essentially involves deciding the order or priority

4] have presented a review of dispatching rules that are
used in job shop scheduling.

One of the standard assumptions in DISSP i hat setup
(imes are included inthe procesing times. Setup invohes the
activities such as preparing a machine or worksttion (o
perform the next machining operation. Setups may depend
upon the ype of job, the type of machine or both. Setup time:
is defined as the time interval between the end of processing
of the current job and the beginning of processing of the next
job. Setup countered in manufacturing firms such
as printing, plasties manufacturing, metal and chemical
processing. paper industry.etc. The typical case in DISSP is

setup times, where the setup. time

Tl 2 o1 s 22850,
Eanol addrss: sreedhara e acin (R Sridharan).

0736-5645/5-se fromt matter € 2007 Ehevier Lid. All ights resrved
40110.1016] s 200705 001

depends on the job previously processed. A typical example

105



Scheduling a Dynamic Job Shop with Sequence Dependent Setups

e O job shop consiste de M maquinas e tarefas (jobs) chegam continuamente ao longo do
tempo de acordo com um processo de Poisson.

e Cada tarefa tem um roteiro de operagoes realizadas em uma sequéncia de maquinas.

e Tempos de preparacao de tarefa s@o dependentes da sequéncia de tarefas e das
maquinas.

e 10 tipos de tarefas sao processadas, cada um com probabilidade igual de ser designado
como a tarefa que chega.

e O numero de operagoes para cada tarefa é uniformemente distribuido no intervalo [5, 8]. O
roteiro € aleatério, e uma maquina nao é revisitada.

e Tempos de setup, datas de entrega, e média de tempo entre chegadas de tarefas € variado.
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Fig. 1. Flow chart of simulation ogc

3.1, Event routine module
“This module contains the subroutines, which deal with the
Tollowing events that characterize the operation of the system.

(1) Arrival of a job t0 the shoy
(2) Departure of a job from a machine.

3.1.2. Job scheduling module
This module contains subroutines to deal with the
scheduling of jobs on machines using various scheduling

rules. Using a scheduling rule, for each of the machines, the
jobs to be processed are scheduled as follows [3]. When a

jobs, a priority value. The job having the highest priority.
which s defined by cither the smallest or the largest priority
value is selected for processing next. In the present study,
seven existing rules from the literature are used. Five new
scheduling rulcs for the sequence-dependent sctup. time
environment of the job shop operation have also been
proposed in the present stud

“The following notations are used for the deseription of
the scheduling rules:

m: index of the machine for which the job to be
processed next has to be selected:

£ time at which the priority values are calculated;

i index of the job for which the priority values arc
caleulated;

J: index of the operation of job i;

ki set of operations to be performed on machines

Vi set of jobs waiting for processing in the queue of
michine o at time 1;

7 setup time of operation j of job  on machine nr:
7/ processing time of operation j of ob i on machine
d;: due date of job.

Z/: priority value of job 7 a time 1.

‘The Scheduling rules are described as follows;
Existing rules:

) FIFO: Firt n First Ou,
=17 whers the Kighetprioity s gvr 0 the o
Kh Z, = min(Z]i € 7). Using the FIFO rule, the
jobs are processed in the order they arrive at the
machine
@) SPT: Shortest Procesig Time
plf where the highest priority is given to the job i*
minlZ]i € V). ic. the job with the shortest
processing time for the imminent operation is selected.
@) EDD: Earlst D D
s wher e nighest prority i given (0 the job *
minZ]li € Ny, i the job with the

(4) EMDD: Earliest Modified Due Date [4].
2! = max{0,d, — (= S pial, wherethe highest

priority is given 16" the job * with
min{Z{]i € Nj}, i.c. the job with the smallest modified
due date is sélected

) CR Cral Raio

pg, where the bighst prioiy i
g)ven 0 the job * with Z, = min(Z)li & ). i
job with the smallest crifical ratio is i
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® SIMSET: StMiar SETup (1]
, wherethe ighstprioity i given o the b
(Z]i € Nj), ie. the job with the
smallet setup time s seleted.

(7) JCR: Job with similar setup and Critical Ratio [15].

i A

Select ajob identical (o the job that just fnishes
chi ntical

rules proposed in the present s

(1) SSPT: Shortest (Stup ime  Procesing Time)
551, where the highest priority is given to the
Job: With Z, = min{Z]li € N} i.. the job with the
smallest value of the sum of sefup time and processing
time is selected.
(2) JSPT: Job with similar setup and Shortest Processing.

Select a job identical to the job that just finishes
processing on the machine.

When there is no identical job, select a job with
the smallest processing time for the imminent
operation

JEDD: Job with similar setup and Earliest Due Date.
Seleet a job identical (o the job that just finishes
processing on the machine, When there is no identical
job, select & job with the earliest due date.

JEMDD: Job with similar setup and Earliest Modified

Select a job identical to the job that just finishes
processing on the machine. When there is no
idecal ob. st  Job with the carist modiiod

(9 JSSPT: Job with similar setup and Shores (Setup
time + Processing Time).

Sclect a job identical to the job that just finishes

machine. Wit i 0 denic
a job with the smallest value of the
of chup time and prooesing time for the Summinent
operation.

3.1.3. Report generation module
This module performs the task of consolidating

follows:

(1) mean flow time, F: it i the average time a job spends in
the shop

F=0 /"][iﬁ]

(2) mean tardiness, T: it is the average tardiness of a job

(3) mean setup time: it is the average time spent by a job
for the setup;

(4) mean number of setups: it is the average number of

pe encounerd by b duing s procesing

through various machines in the shop:

where C,is the completion time of job i: a; the arrival time
of job i; d the due date of job i n the number of jobs
completed during the time interval from steady state period
to simulation ending time; £, the flow time of job i
Fi=Cra; T, the tardiness of job ax {0.L)

These performance measures are determined using the
simulation output afier the shop reaches steady statc.
Weleh's method described by Law and Kelton [24] is used
for identifying the steady state. The simulation output
corresponding 1o the initial transient period s not
considered for the computation of performance measures.

3.2, Verification and validation of the simulation model

Since the present study involves a conceptual job shop
system, a muli-level verification exercise was performed to
ensure correet programming and implementation of the.
conceptual model using the following steps.

(@) Debugging the program.
{b) Checking the inermal logie of the modules of the

© Lompmmg the model output with the information
obtained from 4 manual simulation using the same

(@) Running the model under difernt setings of the nput
parameters and checking whether the model behaves in
a plausible manner.

4. Experimentation

Using the simulation model as an engine for experi-
mentation, a number of experiments have been conducted.
The objective of the experimentation is to investigate the
performance of scheduling rules in a job shop system when
setup times are sequence dependent. The details of
experimentation are provided in the following sections.

4.1, Hentification of steady state

The first stage in the simulation experimentation is
determining the end of the initial transient period
(idenification of the steady state). For this purpose,
Weleh's procedure described in Law and Kelton [24] is
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used. 1t is a graphical procedure consisting of plotting I scenario I, the scheduling rule s the only factor and
moving averages for the output performance measures.  hence, one-way VA has been carried out. For

s scenarios 2-4, two-factor ANOVA method is adopted. In
the moving averages performing statistical_analysis, the simulation results
purpose, a pilot simulation study was conducted in the  pertaining to each replication have been accommodated
present study. Ten replications were made. Each replica-  in cach treatment combination (celll. ANOVA-F test has
lion simulated the operation of the sysiem for the been carried out to determine whether the treatment means
completion of 1000 jobs. The experimental setting used  are significantly different from cach other. The least
was as follows. Mean interarrival time of jobs: 27 min; due  significant difference (LSD) method was used for perform-
date tightness factor: 5; ratio of mean selup time (o mean  ing pairwise comparisons in order o determine the means
processing time: 30%; scheduling rule: FIFO. The perfor-  that differ from other means. The null hypothesis (H) is

‘mance measures such as mean flow time, mean tardiness,  that all means are equal, The alternate hypothesis (H,) is

mean number of setups and mean setup me were  that at least two means are significantly different. All the

determined. It was found that the moving averages for all  tests were conducted at 5% level of significance. Values

the performance measures approached 1 leel value when  that are ot significanly ifernt are grouped The results

250 jobs were completed. obtained and their analyses are presented in the following.
sections.

42, Hdentifying different scenarios for analysis 1 Rl and o for s 1
In the present simulation study. the ist experimentation
(scenario 1) involves the following setings: Mean inter-
arrival time of jobs, 4 27 min; due date tghtness factor,
5 ratio of mean setup time to mean processing time,
30%; scheduling rules: seven. scheduling rules from the
literature and five new setup-oriented scheduling rules
described in Section 3.1.6. The performance of scheduling
rules has also been investigated for three other scenarios
The experimental scutings for all the our Scenarios A% 5.7 1 Analysis of means
summarized in Table | The experimental settings for the scenario | are as
“Ten replications are performed for cach experimental  olows: mean interarrival time of jobs, o = 27min, due
seting. The simulation for each replication is run for 1250y yehiness actor A setup e ratio s = 0%
Job completions. Jobs are numbered on arrival at the  For each of the 12 scheduling rule, the simulation output
system and the simulation output from jobs mumbering  for he 10 replications i averaged. These average values are
1250 is discarded. The outputs for the remaining 1000 ' o FEE O
jobs (jobs numbering 251-1250) are used for the computa-
tion of the performance measures.

Scenario 1 represents the base case wherein the purpose
of analysis is 10 investigate the performance of scheduling
rules in sequence-dependent job shop environment. AL first,
the average values of the performance measures are
analyzed. Then, statistical analysis using ANOVA and
means lest are present

S.LLL Mean flow time. Fig. 2 shows the simulation
results for the mean flow time measure when different
scheduling rules are used. It is found that SPT and SSPT.
rules provide smaller values for mean flow time. It is
For cach scenario the simulation results are subjected to  reported in the lterature [21] that SIMSET performs best
sl anyss wing the nalyis of vriane (ANOVA) for mean flow e when the setup time of job are
in order to study the effect of cxperimental  scquence dependent. But, the present study shows that

Tacios on the peformanee measures. SSPT s betier then SIMSET for mean flow time.

5. Results and discussion

Table 1
Experimental setings for the secnaios

Scemrio Experimental sting Purpose of investiation
Mewn interreval  Setup me ratlo (%) Due dte ghtness
time factor
1 7 0 s B ey he pefrmanes of et ks
2 El . H Analyze the effct of changing stup i
3 7 0 550 Ay he et of du date ghnesFcor
3 EE 0 B Analye the ffctof hanging shop load (1. changing
mean inerarival time of jobs)
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It can be observed that the setup-oriented rules such as
JEDD, JEMDD and JCR perform betier than ordinary
rules such as EDD, EMDD and CR. Also, the modified

due date based rules (EMDD, JEMDD) perform better
than their counter parts EDD, JEDD which do not update
the due dates dynamically.
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Cenario 1 - Resultados de ANOVA e LSD

e Testes conduzidos em um nivel de significancia de 5%.
e Valores que nao sao significantemente diferentes sao agrupados.

e Tabela 2 : 10 replicacdes da simulagao - ANOVA, para cada medida de desempenho,
determina se as médias sao significantemente diferentes entre elas.

e Em todos os casos, existe uma diferenga estatistica entre médias de medidas de
desempenho de uma regra de despacho para outra a um nivel de confianca de 95%.

e Para determinar as médias que sao significantemente diferentes usa-se na Tabela 3 o
método de comparagao entre pares da diferenga estatistica minima (least significant
difference - LSD).
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Diferenca Estatistica Minima (Fisher, 1935) - LSD

A identificacao de um resultado significativo por ANOVA indica que pelo
menos um grupo difere dos outros grupos. Mas, este teste "6nibus” nao
indica quem sao os grupos distintos.

ANOVA ¢ entao seguido por comparagao entre pares de grupos.

Primeiro teste (LSD) entre pares de grupos foi proposto por Fisher em
1935.

A LSD calcula a diferenca entre médias de todos os pares de grupos
com o teste t, e declara significante qualquer diferenga maior que LSD
(Williams e Abdi, 2010).
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Diferenca Estatistica Minima - LSD

e Considere Agrupos,i=1,..., A

e n; : numero de observacoes do grupo /. Se todos os grupos tem 0 mesmo tamanho, este
ndmero é denotado S.

e N : numero total de observagoes.
e M; : média do grupo i.
e MSyy, : média do erro intra-grupos.

e MSg : média do erro inter-grupos.

Vinicius A. Armentano - FEEC - UNICAMP - 2014 113



Diferenca Estatistica Minima - LSD

e Quando a hipétese nula é verdadeira, o valor da estatistica t entre grupos i e j
M; — M;

= ————
o i+ )

i#]
segue uma distribuicao de t-Student com v = N — A graus de liberdade.

e A diferenca entre os grupos i e j é significante em um nivel « se
1 1
[Mj — M;| > LSD = ty,a | MSw | — + —
n;j nj

e Quando o nimero de observagoes € igual a S para todos os grupos

/ 2
LSD = o MSW§

A(A-1)
2

e Este procedimento é repetido por comparacgoes.
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Diferenca Estatistica Minima Modificada - MLSD

e O nivel o ndo é corrigido para multiplas comparacdes entre pares.
e Pode entéo indicar uma diferenga significante entre pares, quando isto ndo é verdade.

e \Versao revisada de Hayter (1986) corrige isto.

MLSD = o a1/ M2

® Qu a1 nivel o para a distribuicdo de Student com faixa A—1e v = N — Agraus de
liberdade.
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Cenario 1
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5002 Mean tardiness. Mean tardiness is a due date
telated performance measure and hence it has implications
on average customer delivery performance. The perfor-
mance of various scheduling rules for the mean tardiness
‘measure is shown in Fig. 3. The SSPT rule performs best.
As observed for the mean flow time measure, it is found
that the SSPT ule outprformod SIMSET for th mcan
tardiness measure al

Amont the due dte based ruls, JCR provides over
values for mean tardiness, since it makes use of the due
date data in addition o setup time data

5.0.1.3. Mean setup time. This measure is a setup related
measure. It denotes the average time incurred for setup

casure. It is found that SIMSET rule outperforms all
therras The sccond bestrule fn many case 1 JCR rule
Tollowed by JSSPT rule. As expected. the non-setup-
oriented rules such as FIFO, SPT, EDD, EMDD and
CR lead to higher values for mean setup time of a job.

5.1.14. Mean mumber of setups. ~Fig. § shows the results
For the mean number of setups per job when different rules

Table2
ANOVA rsuls for base case

Resultados de ANOVA e LSD

Itegraed Manafacving 24 (2005) 435449
are used for the scheduling decision. It is found that JCR
rule provides smallest value for mean number of setups per
job. Setup-oriented rules such as SIMSET, JSPT, JEDD,
JEMDD, JCR and JSSPT rules perform better than non-
Setup-oriented ruls.

5.1.2. ANOVA results
Using simulation results for 10 replications, ANOVA-F
test has been carried out for each performance measure o
determine whether the means are significantly different
from each other. These results are shown in Table 2 for the
performance. measures such as mean flow time, mean
tardiness, mean setup time, and mean number of setups. In
all cases, since the P-value of the F-test is less than 005,
there s a statistially significant difference between the
pean perormanee measre fom one lieduing rle o
another at confidence level. To determine the
eans that ar inifcanty diffrnt o othr means, the
LSD method of multiple comparison test is used. The
results obtained using the LSD test are shown in Table 3
et groaps the el ko . dpuiflanly
different groups labeled a, b, ¢, d. ¢ for mean flow time,
roups labeled a, b. . d. . it e . ght groups
labeled . b.c. d. . f, £, h for mean setup time and five groups

Performance messure Soure of variation Sum ofsquares Mean square Faaio sl

Mean flw time e o s1s0aEs 5621550 e 000
Within groups e s

Mean tardiness aveen groups sorsens sassino 196 o000
Wit s 172s54E6 160050

Mean seup tme Between groups s o1 1 o000
Within groups S1a69% 200387

Mean number seups job. Becween groups Be 2602 1025 0000
Witk groups 203 s

“Denote  ratos sinifant i 5% sgnifcance el

Table 3

Results for muliple regression base case (scemario 1)

Sheduling e Mean o time ‘Mesn tardiness Mean seup time ‘Mesn mumber of setups.

Fro e soomare

ser 37 sous

EDD 1251990

MDD 1017

ey 12083800

07756

SIvSET 919206

s 905 452"

EDD. oz

JEMDD 954 406"

icr o

Isser s T 86600 S9611

For cach peformanee messur, valuss with he same Jter are ot found signficanly dilfrent from sch othr by statstical e,
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Cenario 2 de Experimento - Fatores: Regra de Despacho e Tempos de Setup

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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Table 4
ANOVA resuls for two-way analyss forseemario 2

Source of varition Fortio for performance measures
Mean low tme Mean tardiness Mean seup tme Mean numbe of scups job.
i s
chedulng rule 1075 91940 w e
stup time ratio 105 s 320 00" e
Terion . (=R 2 1207 Lo

“Denotes f raiossgnifcant at % signifcance leve

labeled o, b, ¢, d,  for mean number of setups. For the mean
flow time measure, SSPT and SPT rules form a unique group.
labeled a’. Though there is no_statistcally significant
difference among SSPT, SPT and JSSPT rules for the mean
fardines messes, SSPT rle providesthe sl valve
The SIMSET rule forms a unique sroup labeled "’ that
demote it superior performance for the e seup ime
measure. The setup-oriented rules such as JCR, JEDD and
JEMDD provide smallr values for mean number of setups.

5.2, Results and analysis for scenario 2

n this scenario, three different setup time matrices for
cach of the eght machines n the shop. e wsed 10
investigate how the system performance is affected when
the ratio of mean setup time to mean processing time
changes. Simulation results are obtained for the two-factor
xperiments wheri (e 12 heduling rls o he Gt
fetor and the tre kvl ofsctup e o
30% and 40? d factor. Ten replicaionsare
made for ach of the 36 smulation eperiment ariing o
of the combination of 12 scheduling rules and three setup
time ratios. The results of two-factor ANOVA are shown
in Table 4.

The main effects (scheduling rule, setup time) are
significant for all the performance measures. The interac-
tion effects are significant for the measures such as mean

time, mean tardiness and mean setup time. The
interaction plots are obtained for all the measures.
However, due to space limitations, the plots for mean flow
time and mean tardiness are shown in Figs. 6 and 7.
respectively

As evident from these figures, there is an increase in the

mean tardiness when the setup time i fixed at 30% or 40%
5.3, Results and analysis for scenario 3

The total work content method has been used in the
present study for setting the due dates of jobs. The due date

200

I
ot
a3g82

wx\

o |
o
2 % o
setup time

Fig. 6. Ineracion plot for scenario 2 —mcan flow tme.

Interaction Plot

R
PHifth

2
setup time
Fig 7. Iteaction plo for senario 2 mean tardiness.

of each job is set equal to the sum of the arrival time and o
multiple (due date factor, k) of the total processing time. In
the base case (scenario 1), the due date factor is set equal to
5. In order Lo investigate the effect of due date tightness.
the due date factor has been setat 3 and T to represent tight
and loose due dates, respectively. Simulation experiments
are conducted using a two-factor ful Factorial design. Th

experimental factors are job-scheduling rules (12 rules) and

117



Modelo de Regressao para as Trés Melhores Regras

o Coeficiente de determinacao R?

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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formulating metamodel. Hence, the three scheduling rules
are modeled by two-indicator variables x, and x. These
variables take values 0 or | as defined below.

0 1 If the observation is from SSPT rule
1 0 If the observation is from SPT rule
1 1 I the observation is from JCR rule

T seup ime i is 3 quaniative ariale and it s
modeled by the variable 3. Significa

between scheduling rule and setup time ratio have been
abserved as described in Section 5.2. Hence. the cross
produc tarms mvoning the ndicator variables and the
quantitative variables are also defined to represent. the
interaction cffcts. Taking these into consideration, the
‘metamodel has been formulated as follows:

o+ B+ B+ B+ B3+ s e, ()
where ¥ is the performance measure: fy the constant or
intercept; i, o o the main

the model, from which the significance of the postulated
metamodel can be known. Multiple linear regression
analysis of the simulation results provides the estimates
of the regression coefficients of the independent variables
in the metamodels. The following observations are made:

(1) The coefficient of determination R for the metamodels
v the five performance measures has a high value.
Hence, a larger proportion of the varia
forman sures s explained by independent
variables, namely the scheduling rules and the setup
time ratios.

(2) The regression metamodels are also found to be highly
significant since the P-value (0.0000) is less than the
significance level, 0.05.

(3) The coefficient of determination R and the adjusted R*
valucs are very clase implying that the model has not
been over specified by including terms that do not
contribute meaningfully to the fit

() The adequacy of the models has been verified using the
residual plots. Plots of the residual values versus the

effect of scheduling rules: fy the coefficients corresponding

scenario 2). Multiple linear regression analysis has been
carried out using the simulation results for getting a set of
five metamodels, one corresponding 1o cach performance
measure based on Eq. (3). The ANOVA results for the
‘metamodels are shown in Table §,

56,1 Results and discussion

Table 8 provides the ANOVA results for the metamo-
dels. The explanatory power of the metamodels can be
inferred from the value of the coeficient of determination
R obiained from the ANOVA for the whole model. This
analysis also provides the P-value (probability value) for

Table s
Results of anaysis of variance for the metamodels

fitied values were made. These plots
were found to be having no patterns, implying that
there are no obvious model defects.

(5) Similar inferences have been made by plotting the
residual values against the corresponding values of the
independent variables and by plotiing the residual
values on the normal probability pape

These inferences reveal that the metamodels developed
adequately model the simulation model and thus can be of
considerable interest for further application.

“The metamodels obtained using the estimates of regres-
sion coefficients are as follows:
mean flow time = 46,6330 — 132.6820x,

+ 19221903 4+ 647.5970x;
+ 46518003+ 94207500xs, (4)

mean tardiness

6.4485 — 1113120,
— 14186705, + 142.5250x;
+ 54389005133 + 1008600025, (5)

Performance. Sowccof  Sumolsqurs  Mamsquws  Fro  Pahe  Cooideniol  Adusied K
asure vartion aeermination 1€

Mean flow ime Model amTiEs 9571550 s omn s 99
Ermor LissiEs 127

Mean tardiness Mode! Too990.0 15980 e omm wan ST
Ermor 020030 w5718

Mean seup e Model 2 101316 swet omm 963 960999
Ermor samss

Mean number of  Model sl s o osas oussst

setups job. Error o143
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Validagao do Modelo de Regressao

e Desvio dos valores preditos em relagao ao resultado de simulagao esta dentro de 5%.

V. Vinod, R Svharan | Robotcsand Compute-Ttcrated Manfacuring 24 (2008) 435449 w
mean setup time = 5.6839 — 40920, ~ 472493, 562, Validation of metamodels
+ 99.8487x, + 35.5280x, v, In order to test the validity of the metamodels developed

input values for the independent variables that fall within
the domain of definition of Eqs. (4)(7) are used. For
example the setup time ratio, s s fixed at 020,030 and 0.40
for constructing the metamodels denoted by Eqs. (4)-(7).

— 220445, ©

mean number of setups = 4.9733 +0.0905x;
— 085115 — 061793
~ 0053215 - 07027z are chosen and used as inputs to the simulation model

(7) when the three scheduling rules are used. The performance

Table 9
Validation resus of the metamods

Scheduling ke Performance messure Simulation esuls Metamodel esalts Feror dvition
st Mean flow time. 2 e @206 Zoos
EY 5196 oo
2 @6 oo
E @97 oo
Mean tardines 2 s noi0
EY 7636 e
2 206 ey
3 06 “noi0
Mean seup time 2 wes oo
B 6 s
2 e oot
3 iy 015
Mean number of stups 24 o0
% o0
2 0006
3 oo
ser Mean low ime. 2 oo
B ey
2 o017
% s
Mean tardiness 2 nos
Y nost
2 e
3 oo
Mean seup time 2 oo
Y Zooos
» o2
o oais
Mean number of stups 24 4 006
EY s o0t
2 axs 000
30 e 0007
ser Maan low time 2 4037 oot
Y 10396 o
2 116755 o0
3 [ s
Mean tardiness 2 17085 “nois
EY 21690 “non
2 w0204 019
3 0508 “now
Mean setup time 2 2039 oms
2 330 oas
» 221 o
E 5611 o7
Mean number of stups 24 i o
2 st s
. E i Zo
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Testes nao Paramétricos (Livres de Distribuicao)

Vantagens

e Requerem poucas hipéteses da populacao (Hollander, Wolfe e Chicken,
2014).

e Sao aplicaveis em muitas situagdes que procedimentos da teoria normal
nao podem ser utilizados.

e Muitos procedimentos ndo paramétricos requerem somente a
classificagao (rank) das observagdes e dispensam a magnitude das
observagoes, que € requerida por procedimentos paramétricos.

e Enfoques ndo paramétricos podem ser usados em situagdes muito
complicadas em que a teoria de distribuicdo necessaria para apoiar
métodos parameétricos € intratavel.
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Teste de Wilcoxon com Ranks Positivos ou Negativos

Seja X uma variavel aleatoria continua com distribuicao simétrica.

Seja M a mediana de X com P(X < M) =P(X > M) =1/2.

Se a fungao densidade de probabilidade é simétrica, a mediana é igual a
média. Se nao é simétrica, usualmente, nao sao iguais.

Vamos apresentar um teste para
Ho: M= M, versus Hy:M=#%My, (ouM < MyouM > M)

a partir de uma amostra Xi, ..., X,.

Exemplo: Se U e V tém a mesma distribuigao, entdo X = U — V tem
uma distribuicao simétrica centrada na mediana com valor 0.
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Caélculo do Teste Estatistico de Wilcoxon

e Sejaumaamostra X;...X,:1,1; 8,2; 2,3; 4,4; 7,5,; 9,6. Amediana My =5 ¢
plausivel para esta amostra?

Calcule X; — My, i=1,...,n.

Ordene |X; — Mp| do menor para o maior valor e associe ranks 1,2,...,n.

0 se Xj — My <0

ja R; o rank de [ X; — M fina Z, —
Seja R; o rank de |X; — M| e defina Z; { 1 seX —M>0

Calcule o teste estatistico W = ZiRy + ... + ZyRn.

I Xi Xi—My R Z

1 1,1 -39 5 0 n=6

g 22 3é27 g (1) |X; — Mp| ordenado do menor para o maior valor
’ o 0,6; 2,5; 2,7; 3,2; 3,9; 4,6

4 44 -06 1 0

5 75 25 2 1 W=4+2+6=12

6 9,6 4,6 6 1
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Teste de Wilcoxon com Ranks Positivos ou Negativos

e Objetivo: Comparagao entre duas heuristicas aplicadas a n instancias, totalizando 2n
observagoes.

e O valor da fungéo objetivo da instancia i obtido pelas heuristicas 1 e 2 é representado por
XieY,i=1,2,...n

Instancias Heuristica 1 Heuristica 2

1 X4 Y;
2 Xo Yo
n Xn Yn
e Hipdteses:
e Seja Z; = Y; — X;. As variaveis aleatérias Z;,i = 1,2, ... n sado independentes.
e Seja Z;,i =1,2,...numa amostra da fungdo densidade de probabilidade fz(z) que é

continua e simétrica com mediana zero.
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Teste de Rank Wilcoxon

e Deseja-se testar
Ho: My =0

versus
H1 : Mo # 0

e A estatistica de rank com sinal de Wilcoxon € baseada nos desvios de | Y; — X;| em relagédo
a zero, e nao depende da magnitude dos desvios.

e O menor valor de |Y; — X;| tem rank 1, o segundo menor tem rank 2, e assim por diante até
n.

e Associado ao valor de cada rank R;, defina um indicador de sinal Z; =0se Y; — X; <0e
Zi=1seY;—X;>0.

e A estatistica de rank com sinal de Wilcoxon é definida como
n
w3 ZA,
=1
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Teste de Rank com Sinal de Wilcoxon

Proposicao
A distribuicdo de probabilidade de W quando Hy verdadeira é dada por

P(W=w) = fy(w) = %c(w)

Demonstracao

n
Quando Hy é verdadeira, a distribuicao de W = Y Z;R; é equivalente a distribuicao de
i=1

n
U = 3" U;em que U; = 0 com probabilidade 1/2 e U; = 1 com probabilidade 1/2.
i=1

Portanto,

P(W =w) = fy(w) = %c(w)

em que c¢(w) é o nimero de formas de designar 1’s e zeros aos n inteiros de forma que
n
Z,'R,‘ = w.
=1

=

Vinicius A. Armentano - FEEC - UNICAMP - 2014 125



Distribuicao da Estatistica do Teste de Wilcoxon

Distribuicao de Probabilidade de W para n =4

w fww) = P(W =w) 1 2 3 4
0 & 0 0 0 0
1 %5 + 0 0 0
2 i 0 + 0 0
3 2 + + 0 0
e 0 0 + 0
, + 0 + 0

4 6
0 0 0 +
3 + 0 0 +

5 T6
0 + + 0
. + + + 0

6 6
0 + 0 +
B + + 0 +

7 6
0 0 + +
8 % + 0 + +
9 1% 0 + + +

L
10 % + o+ o+ o+
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Distribuicao da Estatistica do Teste de Wilcoxon

Distribuicao de Probabilidade de W paran=1,2,...,16

H Al H
H i W
MNUHHM AWIW h AIIWWM Al“ﬂm
A i A A
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Média e Varianca de Wilcoxon

Proposicao

e Quando H, é verdadeira, a média e a variancia da distribuicdo de probabilidade de W sao

dados por
E(W) = n(n+1)
4
Var(W) = n(n+1)(2n+1)
24
e Para n > 12, a distribuicao de
,_ W—EW)

v/ Var(w)

aproxima-se da distribuicdo normal padrao N(0, 1), ver Hogg e Craig, 1970.

e Quando ocorrem g empates em um desvio nao zero, o desvio padrao da aproximagao da
normal é

\/n(n+1)(2n+1>_293—zg
24 48

(Estou a caga da demonstragdo deste resultado.)
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Teste de Rank de Wilcoxon

Demonstracao

E(W)=E <i U,-> = i E(Uy)
i=1 i=1

u 11 i n(n+1)
—§<°‘§+"§)—§§— 7

Var(W) = Var(U Z Var(U

0 L2 o
Var(U) = E(UP) ~ [EU)R = 5 ~ (é) -

Var(W) Z* Z[ n+1)6(2n+1)]
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Exemplo:

Vinicius A. Armentano - FEEC - UNICAMP - 2014

Instancias Heuristica 1 Heuristica 2

Xi Yi
1 30 39
2 26 11
3 31 49
4 44 20
5 56 72
6 37 10
7 39 70
8 75 88
9 20 20
10 47 12
11 8 35
12 12 42
13 22 49
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Teste de Rank de Wilcoxon

Exemplo
Diferenca |Diferenca| Rank Rankcom Z; R;Z
lY; — Xi R; Sinal
9 9 1 1 1 1
—15 15 3 -3 0 0
18 18 5 5 1 5
—24 24 6 —6 0 0
16 16 4 4 1 4
—27 27 8 -8 0 0
31 31 11 11 1 11
13 13 2 2 1 2
0 0 Ignore — — —
—35 35 12 —12 0 0
27 27 8 8 1 8
30 30 10 10 1 10
27 27 8 8 1 8
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Teste de Rank de Wilcoxon

e Note que a diferenca |Y; — Xj| = 27 ocorre 3 vezes no sétimo lugar, apés o rank 6. O rank
associado a estes empates é (7 + 8 +9)/3 = 8.

e Desta forma garantimos que a soma dos ranks é n(n+ 1)/2 = 78, que € o valor da soma
ranks 1 + 2 + - - - + 12 correspondente ao valor maximo de W = 2,151 R;Z;, quando todos
os valores de Z; sao iguais a 1.

e Para o exemplo, W = 3", RiZ; = 49.

e Para um nivel de significancia exato e = 0.052 a regiao critica da distribuicao de W em
que a hipétese Hy é rejeitada é C = {w : w < 14 ou w > 64}. Como W = 49, a hipbtese
nula Hy nao pode ser rejeitada.
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Teste de Rank de Wilcoxon

Seja W' = W—EW) & considere o uso da distribuicao normal.

\/ Var(w)

e Em um problema de minimizagao, a heuristica A é melhor que B se
e H:A-B>0 Hi:A-B<0

e Hy é rejeitado se Py, < —0,05.

e Em um problema de maximizagao, a heuristica A € melhor que B se
e Hp:A—B<0 H;:A—B>0

e Hy é rejeitado se Py, > 0,95.

e Para este exemplo, o valor-P é 0,001 << 0, 05.
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Comparacao de Multiplos Algoritmos
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Swarm el gence lgritms

. Introduction ed
‘when the previous assumptions cannot be saisied, especialy in
i h
In this paper, the use procedures for
Uiy hes  paltise snd malile comprison procedures & hasested. O
are employed any exper i

y
1o decide when one algorithm is considered better than another,
“Ths task, which may not be trivial, has become necessary (0 con-

« To give a comprehensive and useful ttorial about the use of
nonparametric statistcal tests in computational ntelligence,
using tests already proposed in several papers of the litera-
ture [2-5). Through several examples of application we wil

ment,or not, over the existing methods for agiven prablem.

can be categorized into two classes: parametric and nonpara-

mettic, depending on the concrete type of data employed [1],

Parametric tests have been commonly used in the analysis of
Unfortunately,th

‘work can improve the way in which esearchers and practition-

based on assumptions which are most probably violated when
analyzing the performance of stochastic algorich 4 on
‘computational intelligence 2,3 These assumptions are known For each kind of test,a complete case of application is shown.

mality, and homoscedasticiy. To overcome A contest held i the CEC2005 special session on real parameter
this problem, our nterest is focused

when selecting procedures for a given case of study.

(publicly availabe; see [6]).considering several well-known do-

O Commponding authr Tl #4558 4058: ok 3495824317 will be used to compare several evolutionary and swarm inteli-
"

5025 s font mater 2011 i BV Alghs eserve.
e
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Benchmark e Algoritmos

e Benchmark com 25 instancias com 10 variaveis em otimizagdo continua e 9 algoritmos heuristicos

Vinicius A. Armentano - FEEC - UNICAMP - 2014
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To do so, this paper is organized as follows. Section 2 shows
ihe experimental framewrk considered for he aplcation of
e preliminary background.

parisons among Al methods.Secion 6 surveys sever) recom-

Finally, Section 7 concludes this tutorial.

2. Preliminaries

In this section, the benchmark functions (Section 2.1) and the
evolutionary and swarm inteligence algorithms considered for
our ed. Furthe

PSO: A classic Particle Swarm Optimization [7] model for
numerical optimization has been considered. The parameters
are 1 = 2.8,c2 = 1.3, and w from 09 (0 0.4, Population s
composed by 100 individuas.

o IPOP-CMA-ES: IPOP-CMA-ES s a restart Covariant Matrix
Evoluionary Sy (CWES) with ncreasing Population
Size 8], This CMA-ES variation detects premature convergence
ane the

from the domain,and the inl disrbuion sz s a (i of
the

3
providing the necessary background for properly presenting the
statistical procedures included n this tutorial.

2.1, Benchmark functions: CEC2005 spcialession onreal parameter
optimization

rough this paper, the results obtained in a experimental
sy Tepading 8 wellknown algoichms and 25 opimiztion

© G T ey e o the CHC atgaritm (] conces the
combination o a selction strategy with a very high selective
pressure and several componentsnduing s sor ety

i 1101, the arighal CHE model s exiended 1o dea i

et chremesomes, maitaning s b 2 ich
ol We hove e i e parametes crvsver
operator, BUX-a (with o = 0.5), and a population size of 50
chromosomes.

o SSGA:A eal-coded Steady-State Genetic Algorithm specifcally

used to show significant statstical differences among the
ent snorins o he sy

< benchmark e we have selcted th 25 tst problems of
dimension

of { P
0.5) and the negative assortative mating strategy 1] Diversity
is avored as well by means of the BGA mutation operator [12].
o SS-arit & SS-BLX: Two instances of the classic Scatter Search

funions.
5 unimodal functions
- i hited sphere uncion

~ F2: Shifted Schwelel' Problem 1.2
5. Shied Rt High Condtone Elipic uncion
= F4: Shifted Schwefel' Problem 1.2 with Noise in Fitness

S Sthwelal Pl 2.6 with Glohsl O on Boinds.

5: Shifted Rosenbrock's Functior

17 Shifed Rt Criewank Punction without Bounds.
Rotated Ackley’s Function with Global Opti-

mum on Bounds.

;i st Fancion,

del (1
with the arihmetical combination oprator, nd the same
model using the BLX.« crossover operatar (with & = 0.5)[14].

'DE-Exp & DE-Bin: We have considered a classic Differential
Evolution model 15], with no parameter adaptation. Two clas-
Sic crossover aperators proposed in the literature, Rand1/exp,
and Rand/bin.are applied. The F and CR parameters are fixed
1005 and 0, espectively. and the population ize to 100 indi-

* SADE: Sl adaive DifesentalEvluon 16] i3 Dl
Evolution model which can adapt s parameters o
hance e s I lms modehthe popdaton soe has be

fixed to 100 individual

the lortms v besn un SOtmes o esch st o,

Each i e cter when he e o e 105 o

when the il number of evaluaions 100000 i schieved

1 the2s

Tabl

Shited
i Schwetels prublem 2.1
- 2 expanded fun
T Expanded Faiended Griewanks plus Rosenbrock's
Function (FSF2)
 F4:Shifted Rotated Expanded Scaffers F5.
0 F25)

23, Some basic concepts on inferential statistics

Single-problem and mult-problem analyses can usually be

~ 11 ybrid unctions. Exch one (F15 to
10 utof the 14 i

iments, both in isolation [17] and simultaneously [18]. The first

(diferent n each case].

eral runs of the algorithms over a given proble, whereas multi-

o P
can never be found in the center of the scarch space. In two
functons, in addiion.th optima cannot be found witn the
initialization range, of search is not limited (the
O oo o e rage of mssaon)

22, Evolutionary and swarm intelgence algorithms

Our main case of study consist o the comparison of perfor-
“Their

Inside the field of inferential sttisics, hypothesis testing 19]

In order to do that
i ot o and the lemative hyptess iy ate d-

of an effect o a difference (in our case, sgnificant differences be-
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Erros Médios Relativos
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1 DeracetalSwam and vlutonry ompuation  (2011) 515 s

3
8
3

Instead of stipulating a priori a level of significance @, it is

Table2

hichis th

‘was actually observed, assuming that Ho s true. It i a useful and

h
test is significant or not, and it also indicates something.

how sgnificant the resul¢ is: the smaller the p-value, the stronger
the evidence against o, Most importantly, it does this without

Tyve o comprion Proceture Secion
St a
pirwise comprisons e B

Matipe sin tse
Fredmantst

Mol comparisons (1) Frdman Avgned ranks
Contrst Esimation

) bt s
o been i e s of

cxpermens n computational teligence. For example. 2 cor-
o way 1o Lt whehr the derence betwen the et of
Geaceneie

roblems is significantly different from zero. Wher par- Type of comparison Procedures
ing 5 st of e sgorinms.th comon Sattca method e
it s et e i o e ol
le eans i te epeated-measures ANOVA (o wil tog
Ao m. [—— tonre

et beids e ornl et o o
duhng wun nominal or ordinal data, can be also applied to Finner
-
s of s  mulile com. i
artsons. Parwise Sathial procedunesperfos inadhalcom sl
hereoremord
o stastical st and the post-ho procedures consiered,rspec-
i © el rrth
isused
o "

heconvelm st lictonal {1 mumber ofszontms incladed in he comparon. =

bl

« d denotes the difference of performance between two algo-

i
his ask.

In this twtorial, we describe the use of several pairwise and
multiple comparison procedures, Tables 2 and 3 enumerates the

“This notation will be employed throughout the study, unless a
particular case isstated explicty.
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Comparagao entre Pares de Algoritmos - Teste do Sinal

e Tabela 4 ilustra o teste do sinal, que conta quantas vezes SADE foi melhor que outro algoritmo.

e Tabela 5 destaca os casos em que uma diferenca significativa foi detetada.

6 J Derrac et al./ Swarm and Evolutionary Computation 1 (2011) 3-18

Table
Critical values for the two-tailed sign test at @ = 0.05 and & = 0.1.
each row.

516 1718 19 20 21 22 23 24 25

5 6 7 7 8 9 9 10 10 1
5 6 6 7 7 8 9 9 10 10

o1 13 o1 14 15 15 16 17 18 18
Mo 12 13 13 14 1 15 16 16 17

Table 5
st for DE sh rovement over PSO, CHC, and SSGA, with a level ofsignificance o = 0.05, and over S5-Ari, with
alevel of significance o = 0.1
SaDE Ps0 1POP-CMA-ES aic ssGA SSBLX SS-Aric DEBin DE-Exp
Wins (+) 20 15 20 18 16 7 13 9
Loses (—) 5 10 5 7 9 8 12 16
Detected differences - =005 =005 - - -

Pairwise comparisons

Pairwise comparisons are the simplest kind of statistical tests
that a researcher can apply within the framework of an experi-
‘mental study. Such tests are directed to compare the

proc in hypoth-
esis testing situations, involving a design with two samples. This is
analogous to the paired t-test in nonparametric statistical proce-
dures; therefore, itis . piruise et that aims to detect significant
behavior of two

of two algorithms when applied to a common set of problems. n
multi-problem analysis, a value for each pair
eaquired (ofin an avers£e value from several rans).

In this section, first we focus our attention on a quick and
easy, yet not very powerful, procedure, which can provide a
first snapshot about the comparison: the Sign test (Section 3.1).
Then, we will introduce the use of the Wilcoxon signed ranks
test (Section 3.2), as a example of a simple, yet safe and robust,
nonparametric test for pairwise statistical comparisons. Examples
thorough this section will focus in characterizing the behavior of
SaDE,in1x 1 ith the rest of al

3.1, Asimple first-sight procedure: the Sign test

A popular way to compare the overall performances of algo-
rithms is to count the number of cases on which an algorithm is
the overall winner. Some authors also use these counts in inferen-
tial statistics, with a form of two-tailed binomial test that is known
as the Sign test [22]. If both algorithms compared are, as assumed
under the null hypothesis, equivalent, each should win on approx-
1ma[ely n/2outofn problems,

imber of win: rdingtoa bi 1 di

Vinicius A. Armentano - FEEC - uN\CAMRmaOMagreuernumbe.ofcases the number of wins is under

algorithms.

Wilcoxon's test is defined as follows. Let d; be the difference
between the performance scores of the two algorithms on ith
out of n problems (if these performance scores are known to be
represented in different ranges, they can be normalized to the
interval [0, 1], in order to not prioritize any problem; see [23]).
The differences are ranked according to their absolute values; in
case of ties, the practitioner can apply one of the available methods
existing in the literature [24] (ignore ties, assign the highest rank,
compute all the possible assignments and average the results
obtained in every application of the test, and so on), although we
recommend the use of average ranks for dealing with ties (for
example, if two differences are tied in the assignation of ranks 1
and 2, assign rank 1.5 to both differences).

Let R* be the sum of ranks for the problems in which the first
algorithm outperformed the second, and R~ the sum of ranks for
the opposite. Ranks of d; = 0 are split evenly among the sums; if
there is an odd number of them, one is ignored:

1
dz);rznk(d,) +3 ;)rank(d,)

I
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Comparagao entre Pares de Algoritmos - Teste de Wilcoxon

e Tabela 6 mostra que SADE atinge melhoria significativa sobre PSO, CHC e SSGA com nivel de significancia o

sobre IPOP, CMA, ES e SS=Arit com v = 0, 05.
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1 DeacetalSwarm and vicionry amptoton | 2011315

5 ind v 55 51X withor =01
Comparison w © i Comparon W © e
v - o 5 prein SODE vers At pri e
S w 5 o0on3s SO0 vers DE i I I} 02

umple 2. When using Wilcoxon's test in our experimental
Sty st ste s to compute the K and - retedtothe

o First, we will introduce the use of the Sign test for multiple
‘comparisons. This Multiple ign test (Section 4.1) i a not very

comparisons between SaDE and they
v bean otaned their esocired ey e computed
Note tha, for every comparison, the property R + R
/2 mus e e

Tede  shows the ', and pales computefr 3l the
pairwise camnmsm\s Conceining SaDE (i p-
computed b using SES5) s the bl sates Sioe o 3
significant \mnmvemem over PSO, CHC, and SSGA, with a level
of significance « = 0.01, over |Pm'cMA ES and SS-Art, with

505,304 over 55BLX with

algorithms, but it i stil a quick and easy procedure which can
be mterestingfor st gane o the el
. e for estng the difteencesbetween
i two elated sampes, the Fredman test, willbe
introduced in Secton 42. Inthat secton.we il o incuce
the use of its extension, the Iman-Davenport tes
advanced versons: the Fedman Algned Kanks e amd e

Qua
I Scion 4.3, we willlstatethe useof 3 il of posthoe
procedures, 5. sutable complement or the Friedman-related

a

any related)test, these post-hac methods alow us (o determine.

procedures is requested s in the joint analysi of the results

« Finally in Section 44, we present a procedure 10 estimate the.
ifrncesbetwesn several lortms: the Contras ot
Tion of medians. This mechod s very recommendabe if
S5sume that the global peformanc s rflected by e mﬂgmr

the diff

over a specific problem. When eferring to muliple comparisons
tests, blockis composed of three or more subjects orresult,each

ithms.

over the problem.
In pairwise analyss if we try to extract  conclusion involving.
more than one pairwise comparison, we will obtain an accumu-

ven 3 contl abeled algorthm, the Sign et o mul-
e Comparions sl s 10 ghIe thse s whose pr

losing the control on the Family-Wise Error Rate (FWER),defined
‘making one or

all the hypotheses when performing multiple pairwise test. The

algorithm. This procedure. proposed in [26,27), proceeds as fol-

givenby

k= 1Hotrue)
[0~ Pikeiecta, = AlHotrue)
~[a-rm

There b .

2. Computethe igned diferences hatis,paireach
petamance i hecomrolnd. mesch . e e
contol performance from the performance ofthejih algorithm.

3 Lot 1 equal the mumber of Gilerence. .. tht have e 15
i

paiting of an algorithm with the control.
4 Let M, be the median response of a sample ofresults of the con.
trol algorithm and M, e the median response of a sampleofte-
Sults of the jth algorithim. Apply one of the following decision

ules,

o For testing Ho: My > My against Hy: My < My, reject Ho if
he number of minus signs i less than or equal 1 the criti-
cal value of R appearing in Table A21 in Appendix A for k— 1
{aumberfalgorthms excluingontroln umberofpro

of algorithms, because the FWER i not controlled.
ection is devoted to describing the use of several proce-

lems).

*+ ortesing o M < My agaistHo: M = M re,eanl!me

imber of plus signs i less than or equal to the
R appesting I Tabe 21 m Append Ao k- and

the chosen experimentwise error ate.
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Erros em Comparagao de Multiplos Algoritmos

Situacao Atual "Verdadeiro”

Decisao

Hp Verdadeiro Hp Falso

Nao Rejeite Hyp

Decisao Correta Decisao Incorreta

1—a Erro Tipo Il
B
Rejeite Hy Decisao Incorreta  Decisdo Correta
Erro Tipo | 1-3

(67
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Erros em Comparagao de Multiplos Algoritmos
e Taxa de Erro em Familia (Familywise Error Rate)
e Considere o teste de Hy, ..., Hn.

e my = numero de hipéteses verdadeiras; R = numero de hipéteses rejeitadas.

Taxa de Descoberta de Falsos

Hp Verdadeiro  Hy Verdadeiro Total

Nao Significativos u T m—R
Significativos % S R
mq m — Mg m

e V = number of erros falso positivos tipo I.

e Taxa de Descoberta de Falsos é projetada para controlar a proporcao de falsos positivos
dentre o conjunto de hipdteses rejeitadas %.

Vinicius A. Armentano - FEEC - UNICAMP - 2014 140



Erros em Comparagao de Multiplos Algoritmos

e Ao se fazer m comparagoes entre duas hipoteses:
P(fazer um erro em um teste) = «

P(nao fazer um erroem um teste) =1 — «
P(n&o fazer um erro em m testes) = (1 — a)™

P(fazer pelo menos um erro em mtestes) = 1 — (1 — a)”
e Paraa =0,05,m=3,1—(1—a)%=0,1426

e Dizer que o valor-P esta sendo ajustado para multiplas hipéteses € equivalente a controlar
a taxa de erro do tipo I.

e Existem muitos métodos com enfoques distintos para este tipo de controle.
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Teste de Rank de Friedman

E um teste ndo paramétrico desenvolvido pelo economista Milton Friedman (ele mesmo, o
grande monetarista da Universidade de Chicago!!)

o Considere ninstancias de um problema, k heuristicas, e Xj o valor da funcéo objetivo da
instancia i e heuristica j. Seja 1; a mediana dos valores obtidos pela heuristica j.

e Suponha que as variaveis aleatérias associadas as k heuristicas sdo independentes, isto &,
para uma dada instancia, os resultados obtidos pelas heuristicas sdo independentes.

e Hipdtesenula Hy : my =mp = -+ =1

e Hipdtese alternativa: as medianas nao séo iguais.

Instancias | Heuristica 1 | Heuristica2 | --- | Heuristica k
1 Xi1 Xi2 Xik
2 X21 X22 X2k
n Xn1 Xno Xnk

Vinicius A. Armentano - FEEC - UNICAMP - 2014 142



Teste de Rank de Friedman

e Para um problema de minimizacdo e uma dada instancia (linha) i associe cada valor obtido
pela heuristica (coluna) j e atribua ranks 1,2, ..., k, em que 1 corresponde ao menor valor,
2 ao segundo menor valor, etc.

e Independéncia das heuristicas: para cada instancia o rank atribuido é independente da
heuristica, e, portanto, o conjunto de ranks em cada coluna representa uma amostra
aleatéria dos ranks 1,2, ..., k.

e Asomadosranks1,2,..., ké %k(k + 1), e, portanto, o valor médio do rank da j—ésima
coluna é 5(k +1).

e A soma dos quadrados dos ranks 1,2,...,p é k(k +1)(2k + 1) /6.
e Portanto, a variancia do valor do rank da j—ésima coluna é

k(k +1)(2k +1)/6 — (k +1)2/4 = (kK% — 1)/12.
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Teste de Rank de Friedman

e SeT; € o rank médio da j—ésima coluna, entéo a distribuicdo amostral das médias dos
ranks tem valor médio (k + 1)/2 e uma variancia com valor o = (k? — 1)/12n.

e A estatistica do teste de Friedman é baseada na hipdtese que a amostra dos ranks médios
provém de uma Gnica populagéo normal N(¥31, 52)

12n

=t 2l gk = i Z[r, S(k+DF

e Friedman demonstrou que para k > 2 e n — oo entao X,2: converge para a distribuicdo x?2
com k — 1 graus de liberdade.

e Se o numero de linhas e colunas ndo é muito pequeno, entdo xf__ tem uma distribuigao x?
com k — 1 graus de liberdade. A perda de um grau de liberdade, deve-se ao fato que a
soma dos ranks médios das k colunas é igual a %k(k +1).
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Teste de Rank de Friedman

e Vimos anteriormente que se Zy, 2o, . . ., Zx sdo variaveis aleatérias independentes com
Zi~ N(p,0),i=1,2,...,n. Se

Zi—p\? .
X:Z(’ “) ,entdo X ~ x%.

e Nao existe nenhum critério para escolher kK — 1 desvios em Xf:- Por este motivo, calcula-se
o desvio quadratico médio e multiplica-se por k — 1. Este € um argumento intuitivo, a
justificativa correta do multiplicador k — 1/k é dada na demonstragao de que Xf: converge
para a distribuicdo x2 com k — 1 graus de liberdade.

e SeT; = 0 paratodo j, entdo X% = 0 o que implica que Hy € verdadeiro.
e Uma expressao mais adequada para o céalculo de XZF em termos dos ranks r; € dada por

2
XE = nk(k+1)Z (Zr”> — ke,
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Exemplo do Teste de Rank de Friedman

e Quatro instancias sao avaliadas por quatro algoritmos, como mostra a tabela abaixo.

Erros Relativos Ranks de Friedman
Erro A B C D Friedman A B C D
1 2,711 3,147 2,515 2612 1 3 4 1 2
2 7,832 9,828 7,832 7,921 2 1,5 4 1,5 3
3 0,012 0,532 0,122 0,005 3 2 4 3 1
4 3,431 4,111 3,401 3,401 4 3 4 1,5 1,5

Média 2,375 4 1,250 1,875
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Teste de Rank de Friedman Alinhado

e Para cada instancia calcule o valor médio obtido por todos os algoritmos.

e Para cada célula instancia x algoritmo, calcule a diferenga entre o valor
da célula e o valor médio.

e Designe n x k ranks para todas as células como no método de
Friedman, atribuindo rank 1 a diferenca de menor valor, rank 2 a
diferenca de segundo menor valor, etc.

e Estes ranks associados a observagoes alinhadas sao chamados ranks
alinhados.
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Exemplo do Teste Rank Alinhado de Friedman

Diferengas
Friedman A B C D
P1 -0,085 0,401 -0,231 -0,134
P2 -0,525 1,475 -0,521 -0,432
P3 -0,156 0,365 -0,045 -0,162
P4 -0,155 0,525 -0,185 -0,185

Ranks de Friedman Alinhados

Friedman A B C D
Alinhados
P1 12 14 4 10
P2 1,5 16 1,5 3
P3 8 13 11 7
P4 9 15 55 5,5

Média 5625 155 55 6,375

Vinicius A. Armentano - FEEC - UNICAMP - 2014 148



Teste de Quade

e Algumas instancias sdo mais dificeis ou a qualidade de suas solugdes difere muito entre
algoritmos.

e Neste caso, o rank para cada instancia é ponderado de acordo as diferencas
observadas no desempenho dos algoritmos.

e Para cada insténcia / e algoritmo j atribua o rank r; como no teste de Friedman.

o Para cada insténcia / calcule o intervalo max x; — min Xxj;.
j j

e Designe rank 1 ao problema de menor intervalo, rank 2 ao problema de segundo menor
intervalo, etc.

e Sejam Qq, Qu, ..., Qn, 0s ranks associados as instancias 1,2,...,n.
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Teste de Quade

e Calcule o rank médio entre problemas (k + 1)/2.
e Calcule S; = Q; (r,, - T) o tamanho ajustado de cada algoritmo em cada instancia.

e Calcule Wj; = Q;ry, o tamanho n&o ajustado para estabelecer uma comparag@o com o
teste de Friedman.

e Calcule o rank médio do algoritmo j, T; = ﬁ em que W; = Z, 1 Wj.

Ranks de Quade Sj;(Wj)

Quade A B C D
P1 1(6) 3(8) -3(2) -1(4)
P2 -4(6) 6(16) -4(6) 2(12) +Dificil

P3  -05(2) 15@4) 05(3) -1,5(1) +«Facil
P4 15(9) 45(12) -3(4,5) -3(4,5)

T 2,3 4 1,55 2,15
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Teste de Quade

Erros Relativos

Erro A B (¢} D
1 2,711 3,147 2515 2,612
2 7,832 9,828 7,832 7,921
3 0,012 0,532 0,122 0,005
4 3,431 4,111 3,401 3,401
Ranks de Friedman
Friedman A B C D
1 3 4 1 2
2 1,5 4 1,5 3
3 2 4 3 1
4 3 4 1,5 1,5
Média 2375 4 1,250 1,875

Vinicius A. Armentano - FEEC - UNICAMP - 2014

max xy; — minxy; = 3,147 — 2,612 = 0,535
j j

max Xz — minx;; = 9,828 — 7,832 = 1,996
j j

max xz; — min x3; = 0,522 — 0,005 = 0,517
j j

max Xs; — min x4; = 4,111 — 3,401 = 0, 71
j j
Q=2 Q=4 Q=1 Q=3

511:2(3725):1, Wit =6
312 :2(4—2,5):3; W12 =8
Sis=2(1—2,5)=—3; Wyg=2

Siy=22-25)=—1, Wy; =4
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Resultados Computacionais
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44 Contrast Estimation 3. Compute the mean of each set of unadjusted medians having
the same first subscript,
Contrast Estimation based on medians [45.46] can be used o cs- x
P
It M= =tk a7
algorithms are the same across problems, Therefore, the perfor-

4 —Myism,—m,
mace of algoithms is refecte the difer- ™ | through k. For example, the difference between M, and M is
estimated by m —
The nterest ofthis et e in etimating the contrast between b  ndestood s an advanced gl
‘medians of sampls of results considering all pairwise compar- es stimatorscan be understood as an advanced ol per-
. " o e formancs Ithough thi test cannot provide a probabil-
ity amm assaciated with the rejection of the null hypothesis of

‘medians between two algorithms over multiple problems, pro-
ceeding as ollows.

oopertams s one
‘Animplementation o the Contrsst stimation procedure can be
1. For every pairofk algorithms i the experiment, compute (e found in the CONTROLTEST package, which can be btained a the

h ot

Dy =t = X {16 Example 8. 1n our experimental analysis, we can compute the set

. v K (Consideronly Of estimators of medians dircctly from the average error results.
Derformance pais where i < 1) Table 19 shows the estimations computed for each algorith.

ocusing our attention in the rows of the table, e may.

2. Find the median of each set o differences (7., which can be  highiight the performance of SaDE (allis relaed estimators are

regarded 35 the unadjuted ximator of the medians of the  negatve, hat s 1 achieves very low exor e consdering

Tow

IBrITS U, M, M) Gy o iSO ST mcian etimators) andthe et Search based aproaches;on

computeZ in e i s 1 . Ao e that e b CHC P s i e v o
experimental study.
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Testes Post-hoc
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5. Multiple comparisons among all methods

Fricdman's test is an omnibus test which can be used to carry

ot these s of compirion. It llows st et dierences
he gobal et o algorithms. Once Friedmar

rqe(zs el Ty pothess, we n proceed with  pos-ho tet

differences I the previous secion, we focused on procedures

gt €= et of s
feran
‘ S

ring tat the ajectveof sty b o 8 eheter s mewly
algorithm is better than the existing ones. For this
Teason. we have described and studied procedares such 35 the
Bonferroni-Dunn, Holm and Hochberg methods
ur interest les in carrying out a muliple comparison

w
0| vkt o s o+ do
L E= i en

Fi 2. obuinEshausive . Aloritm for ovaining all xpausive ses in

Inwhchall possble
mparison), o clasic procedures that can be used are
e Holm (6 the sime a5 was deseibed i Secton 43) and e

* gl i procedure: s s the pove of e
first by substituting o« = i by the value «

k=120 butitalso haslittle

where !

powe
“The hypotheses being tested belonging to a family ofal pair-

rocedure, since £ depends not only on the logica structure of
the hypaeses bt also an the ypotheses alrady ejecied at.

siep . Obviusly ihanihe st

he foll

of three algorithms M,

1,2,3.1s easily seen from the rela-
I

F i

1 [49],a procedure was proposed based on the idea of finding.
all elementary hypotheses which cannot be rejected. In order to

M or M or the two algorithms at the same time. Thus,there can-

definiion.

Defi

ion 1. An index set o hypotheses | < (1......m) is called
Jj & I could be true.

n this argument, Shaffer proposed two_procedures
which make use of the logical elation among,the family of hy-
potheses for adjusting the value of 451,

* shtersstaticpracedue lloingHlnistp-downmethod

< reject
15 <, where i the mamum umber o hypoincses

ndertis defiion theBergrmann- ol procedure works
asfollows

« Bergmann and Hommel procedure: refect all i with j ¢ 4,
Where the acceptance set A, given as

A= esbaustive minp i€ 0) > a/ ) (19
e e o U )= e/l )
by iy isthe index set o null

rm me g-vm Dyt i, idependent o he 5B For tis procedure, one s to chec for cach subse 1 of

s hevies o1, o oaned fom the et Frle

)+xixest-p). s

‘where (k) s the set of possible numbers of true hypotheses
with k algorithms being compared, k > 2, and 5(0) = S(1)
ol

o
Duie o this fact, we will obtain a set. named E. which will
Conain all the possble exhausiesets of hypotheses for 3 certin

a substantial reduction in computing time. Once the E set is
Gbtained, the hypotheses that do not belong 1o the A set are
rejcted.

Fig. 2 shows a valid algorithim for obtaining al the exhaustive.
sets of hypotheses, using as input a st of algorithms C. E is a set
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" 1 Demacer L. Swamand Evlutonry Compatatin ) (2011) 318
a1 Tk “ror ares pair
i hypoth i3 e, kv snd sanddizcd

i perorms 3 dision ofthelgorithns nto two subets, i which rociure mst b Tolowed 10 b

heast ot & shways s mered nthe second sibset and el fom several excutions when conideing ochsnie

thms.

e it subst cannot b empt. I i way. we cnure ha 4
ity i 3 dsion s s oty nd o s repeivons a1

iy, wewill explai how o comput he APV or et

post-hoc procedures described above. fllowing the indications

Fvenin(oil

@ Nemenyi AP minfu < 1)
 lelm A, (usig i n s campatsons miny 1)

max{(m —+ 1p; 1= = 1)

S e A i e a1 < <

i

© Bergmann-Hommel A7 i 1. where v = (i
minlp.j € I} I exhavstive i € 1
where m is the number of Dussvb\\ comparisons in an all
pairwise comparisons design that is, m

* A spprorate et of it i concst with -
propriate number of case problems are needed to be used in
orde to employ exch ype of test. The .mmnmnlgmmms
used in mulipe comparisonsprocedures st be lver
the number o case problems. The p levmuxsmtememmaymr
be true for the Wilson tes. The inlence of th of
e prabems e ok ntieae il comparon
procedures than in Wilcoxon'stest 2.3

« Although Wilcoxon's test and the post-hoc tests for multiple
‘comparisons are nonparametric statisticaltess,they operate in

difference lesin the computation of
the ranking, Wilcoxon's test computes a ranking based on dif-
[eences between case probes ndependenty, whetes fhe
Friedman test and its derivative procedures compute the rank-
ing between algorithms (23],

the Friedman
s with S relted psthoc procedars can e found nthe
MULTIPLETEST an be obiained at the SCI2S the-
i ublc vt St et b Compuionl e
gence and Data Mining (sec foatnote 1)

« In relation
perorming Wikorn' o Friedman' tests n 2 - probiem
analysis). there are two main be determined. First,

ted. There i no established agreement about
s pectction Sattcions e st o som.

testover ourexperimental results (see Example 7). we can ase the

Ivour case the employment ofasample size asLarge as possib
i reeraicbecae e power o the st st Fined

apply the above-mentioned methods to contrast them. Table 20

& s il pothe-

T

Using a level of significance o = 0.1, only six hypotheses

eeof e sl s depedson e bty e e

i
improvement ofDE-bxp and SIDE over 150 and GHC, ad DE-
Bin and S5-BLX over PSO. The Shaffer methods reject
an aditonal hypothess, thus comming the mprovrent of
DE  CHC. Finaly, the Bergmann procedure rejects eight

ligence o data mining feld). Second, we have to study how the
et e cxpected t vy ther wete g sample ize
available In all starstical tests used for comparing two or more
samples anncrasc i the sample iz benels he power of he

CHIMES Rone ofthe semating 28 mpothess o e refed
using these procedures,

6. Considerations and recommendations o the use of non-
parametric tests

This sectior

e nuenced by s actor han Friedmarts e Fnally 258
pief thunb he number f case roles na sty shvld
a-k wherea > 2[23)

« Rihouh thre o heetical masimam sumber o
Mamtouse s comparan i conbe e o e o
Jimit theoremn tht, f this number s too high th results may be
unreliable. I the number of domains grows too much, statsti-

tions
concerning the nonparametric tests presented n thistutorial Their

details of the multiple comparisons tests are presented. With this

et i of 20 domains s suggested ), o e
compartons.a value of 1 2 8. kcould b 10 igh. obiin

st Section 1) Then, some advanced guelines o mltple
mparisons with a control method (Section 62) and multiple

Comparisons among al methods (Secton 6.3) are rovided

6.1, General considerations

s possible to

* Taing o accoun he previous onevaton and rouing he
ations performed by the nonparametric tests,
e ot Wikinons s horced e ber ofcone
probes ued.Onthe ot and, boththe number of g
i and cae problems ar cracl when
e crpanions s s P o). gen hat

ony
Shlyzeanyunaryprformane messure (ha nmmltd 03

above). However, the increasing/decreasing of the number of
I

1o b lmited;thes, comparsos conidring uneing i

these procedures, the number of functions used is an important
factortobe considered when we want o control the FWER 23]
« Another interesting procedure considered in this paper is re-
lated to Contrast Estimation based on medians between two

i resls e represenid 53 cmplefor ch pi O g
rithm/domain,

tics is used for computing the rea diferences between two -
sorithims, considering the median measure the most important.
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H PO verus Si0E non0ss onoiazs omisrs mxuzs\ 000126
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5 G v SiDE oG onss77z nsz2az o0ss71z 0034284
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0 Severs O bep oo asi0r7 a7 o3t s
n SSiAverss SaDE Doz frorerd 0706308 o]
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I SScAveras DEBin noszane i i In 0833
I 55t vesusDE i it I I I arseert
I v S versus D £xp nossns: I i 1 10
» S5 B veras DL, oo It 1 1 1o
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2 CHO versue S At nassizs i I I 10
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= GHCvernn SGA 0313066 i i 0 10
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2 DE BinverusDE by D5 1860; i I I 10
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Takinginto account tha the samples of esults in computational

« An appropriate number of algorithms in contrast with an

asafe use of parametric test, the computation of nonparamet-

order to employ each type of test. The number of algorithms.

ful. For example,one could provide, apart from the average val-
s of accuracies over various problems reported by the meth-
o

used an
the number of case problems. In general, p-values are lower
on increasing the number of case problems used in multiple

tiple problems, which is a safer metric
ronments [45]
« Finally we want

more detectable [23],
AS we have’ suggested, multple comparisons (ess mus be

mental s shoud be sl byt researcher To use
the most powerful procedures does not imply that the re-
S obained b  iven proposl wil be beic The hoieof

when a method is compared against aset of algorithms. It ould
be carred out first by using a statistical method for testing
the differences among the related samples means, that i, the.

ndits complexity when it comes to being used or explained to
on-expert readersin statstcs [45]

62, Multple comparisons with a contrl method

« A multple comparison of various algorithms must be carried

the Friedman test with the Iman-Davenport extension, the
Friedman Aligned Ranks test, and the Quade test. Once one of
these testsrejects the hypothesis of equivalence o medians, the.
detection of the specifc differences among the algorithms can
e made withthe application ofpost-hoc tatstical procedures,
which are methods used for specifially comparing a control
algorithm with two or more algorithms 46,

by each algorithm. Once this test rejecs the hypothesis of

d
even emply them 1o mesur hes perormance diftrnces

among the algorithms can be done with the application of
post-hoc statistical procedures, which are methods used for
comparing a control algorithm with two of more algorithms

123)

outperonmthe rest unlesthe null ypothesi s eected

« Although, by defniion, post-hoc statistical procedures can be.
Spplied i an independent way from th relecion o the
wPothess, it i advisable to check this ejection firstly.
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Figure 213 Terrain profil for Problem 7
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